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Preface 


T his book is an effort to present, in as simple a manner 
as possible, an introduction to Vector Analysis that 
will naturally lead to its extension. Tensor Analysis. Any 
treatment meeting this objective must, it seems to me, 
necessarily involve an adequate discussion of the theory 
of linear dependence and the notion of invariants with 
respect to a group of transf^M^nations. The concept of a 
system of base vectors has been introduced early and used 
extensively in the belief that it contributes greatly to a 
clear understanding of the operations in Vector Analysis, 
including the operation of differentiation. 

At the beginning, the notion of a vector is motivated by 
means of translations carried out in terms of affine coordi- 
nate systems. We then lay down, postulationally, the 
laws that shall govern certain operations of the vectors and 
their relations to points in a given affine coordinate system. 
In §7 and §9 we introduce the notion of a vector as an 
invariant with respect to the group of affine transforma- 
tions, and in Chapter IV this idea is enlarged upon 
with respect to the more general group of analytic 
transformations. 

Care has been taken not to make use of a specialized 
choice of base vectors, or coordinate system, until it is 
clear that such a choice will result in a simplified descrip- 
tion or procedure concerning the quantities involved. 
In this way the invariantive character, with respect to a 
given class of coordinate systems, of the theorems and 
procedures receives an emphasis which is deserved, and 
which is frequently obscured by almost exclusively employ- 
ing an i, j, k system of base vectors. 

Applications of a rather wide and diverse nature have 
been considered or indicated. However, the treatment has 
been presented as a course in mathematics, and the applica- 
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tions have been chosen for their simplicity and illustrative 
value and not with regard to their probable importance 
in the field of application. 

A mathematical maturity on the part of the reader, 
which may be expected of one who has studied a 
first course in the calculus, has been assumed. I also 
presuppose the reader’s willingness to amplify, when 
necessary, his knowledge of certain topics by additional 
reading. It is believed that the references cited will provide 
suitable direction for such reading and point the way toward 
a more exhaustive discussion of certain ideas. 

Alany exercises arc provided, some of which yield signifi- 
cant results and might well be presented as a portion of the 
text. However, when these theorems are within the 
capacity of the student to demonstrate, it has seemed best 
to present them as exercises. Generally speaking, the 
exercises are to be regarded as an integral part of the 
development. 

In Chapter III, ‘‘Integral Calculus of Vectors,” only 
an intuitive approach to the subject has been offered. 
The difficulties in this connection are perhaps too serious 
to be rigorously disposed of here. 

Space is lacking for complete acknowledgments to those 
who have made this book possible. Mr. Gilbert A. Hunt, 
Jr., has rendered invaluable assistance in the preparation 
of the manuscript. Among the works pertaining to the 
subject I have found those of Veblen, Weyl, Gibbs- Wilson, 
and Juvet especially helpful. I am greatly indebted to 
my former teachers, Professor A. C. Lunn of the University 
of Chicago, for an understanding of the subject as a whole, 
and the late Professor E. H. Moore of the same institution 
for an appreciation of the power of a basis in this and other 
connections. My indebtedness to my many students of 
the subject is cheerfully acknowledged; the contributions 
they have made, though difficult to measure, are very real. 

J. H. T. 
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CHAPTER I 


Algebra of Vectors 


§1. AfBlne Coordinate Systems and Translations 
1.1 The coordinate axiom. 

References:^ CaratModory (29), p. 18; Schreier-Sperner 
(49), I, p. 5; Reynolds-Weida (48), p. 1; Vehlen (50), p. 13; 
Osgood-Graustein (46), p. 2. 


Let 0 and E be two distinct points on a line L The 
point 0 is called the zero pointy or origiUy of the coordinate 
system to be determined; the point E is called the unit 
point. The point 0 divides the line I into two half-lines: 


Q 0 E P , 

_ ■ :p 

Fig. 1 

that on which E lies is known as the positive half-line, and 
the other is known as the negative half-line. If P is any 
point on the positive half-line, let there be ordered to P 
the unique^ real number x. 


X 


OE 


defined by the ratio of the lengths of the line segments 
OP and OE. The number x is called the coordinate of P. 
If Q is a point on the negative half-line, its coordinate x is 
defined by 



^ See bibliography beginning on page 174 of this book. 

* The word ** unique” as used in mathematics is equivalent to “one and 
only one.” 
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We have, then, corresponding to each point P on the line 
Z, a unique real number x; conversely, each real number x 
is the correspondent of a unique point P on Z, A one-to-one 
reciprocal correspondence^ between points of a line and 
numbers of a number system is called a coordinate system. 
The particular coordinate system above described is known 
as a Cartesian coordinate system on the line. That such 
a coordinate system exists is an assumption which we 
make. It is this assumption that makes the subject 
“Analytic Geometry” possible. We note that in the 
above system the coordinate of the point 0 is 0 (zero), and 
the coordinate of P is 1 (one). 

We assume the parallel postulate of Euclidean geometry: 
Through any point not on a given line there passes one 
and only one line parallel to the given line. In order to 
remove the exceptional character of points on the given 
line, we shall regard a line as being parallel to itself. 


h 



Now let h and k be two distinct lines which meet in the 
point 0. We establish a coordinate system for the plane 
containing the lines h and k. Set up a coordinate system 
on each of the lines h and k as above, in which the common 
pomt 0 is taken as the zero-point on each line. Let P be 
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any point in the plane, and through P let there be passed 
lines respectively parallel to k and h, which meet these 
lines in Afi, M2 (Fig. 2). Let the coordinate of Afi be Xi 
and the coordinate of M2 be X2. Then the ordered pair of 
numbers (xi, X2) are called the coordinates of the point P. 
Conversely, if Xi and X2 are given, they determine a unique 
point whose coordinates they are. Thus we have a one-to- 
one reciprocal correspondence between points of the plane 
and ordered pairs of real numbers. Frequently this is 
called a parallel coordinate system because the locus of 
points in the plane satisfying the equation 

Xi = constant, or X2 = constant 


is in each case a straight line parallel to one of the coordinate 
axes OXi or OX2. However, we shall use the term affine 
coordinate system as its description. 



The extension of the notion of an affine coordinate sys- 
tem to space is readily made. Let three distinct planes 
having a unique point 0 in common meet in pairs in the 
lines OXi, OX2, OZ3, and on each of these lines establish a 
coordinate system having the common point 0 as the 
zero-point. Let P be any point in the space, and let 
planes be passed through P respectively parallel to the 



4 


[Cb. I, §1 


ALGEBRA OF VECTORS 

coordinate planes, determining the points Afi, Mz* 
(Fig. 3). Let the coordinate of Mi on the line OXi be Xi. 
Similarly, let the coordinate of Mz on OX 2 be X 2 f and of 
Ms on OXz be Xz. Then the numbers of the ordered set of 
numbers (xi, Xzf Xz) are called the coordinates of the point P . 
Clearly the coordinates of 0 are (0, 0, 0), and those of 
Eij E 2 , Ez are respectively (1, 0, 0), (0, 1, 0), (0, 0, 1). 

A relief map is an instance of an affine coordinate system. 
We assume a uniform scale in the East- West direction, in 
the North-South direction (not necessarily the same as in 
the East- West direction), and for measurement of altitude. 
On such a map we have a means for determining whether a 
point is three times as far east from a given meridian as 
another point. Also we can compare the altitude of two 
given points. However, we are not in position to obtain 
the distance between any two arbitrarily given points, for 
we make no assumption at this time concerning the com- 
parison of scales along the three directions. 

1.2 Translations. 

References: Weyl (53), p. 11; Reynolds-W eida (48), p. 
167; Vehlen-Young (51), II, p. 74; Osgood-Graustein (46), 
p. 330. 

If a rigid body is displaced so that the path traced out by 
each point of the body is a straight line, the displacement 
is called a linear displacement or a translation. Let Z be a 
line, and let A and A' be two distinct points on I, Consider 
now the translation of all the points of space which trans- 
forms, or carries, A into A', The translation has the 
property that it not only leaves the line I invariant but it 
also leaves every line invariant which is parallel to L By 
stating that the translation leaves the line I invariant is 
simply meant that, under the translation, the correspondent 
of every point on Z is a point on Z. That is, collectively 

* The figures are intended as an aid in the exposition, and when the rela- 
tionships of the various elements involved arc clear from the figure, the 
detailed description of such relationships will frequently be omitted in the 
text. 
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the set of points constituting I is carried into itself. A 
translation will clearly be completely described by giving 
the point A and the corresponding point A'. It will be, 
however, equally well described by giving any point B 
together with its correspondent B'. 



A necessary and sufficient condition that two directed 
line segments A A' and BB' describe the same translation 
is that they satisfy the three properties: 

(1) AA' and BB' are 'parallel. 

(2) The segments AA' and BB' are congruent in the 
sense that there exists a translation which carries the 
segment A A' into BB'. 

(3) The segments have the same sense of direction.^ 

Since we are for the present limiting the displacements 
employed to translations, we are unable to consider the 
congruence of two segments which are not parallel. After 
the introduction of a metric, this restriction will be removed. 
In the example of the relief map, translations alone suffice 
to make a comparison of the altitude of two points, or of 
their distance east or west of a given North-South line 
(meridian). 

Let corresponding points of a translation A and A' have 
coordinates (oi, a 2 , as) and (aj, a^, a^, respectively, in the 


* Evidently (2) implies (1); the latter is explicitly stated for emphasis. 
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same coordinate system, and set ai = aj — ai, a2 = ^2 ““ ^21 
a, = as — Os. Now if {xij X2, Xz) are the coordinates of a 
point P, the coordinates {x[y x^, of the corresponding 
point P' under the translation are given by 

= Xi + ai, xi = X2 + as, xi — Xz + as. 

That is, in terms of affine coordinates a real® translation is a 
correspondence of the form 

x; = a:i + a 

T: ^2 = 0:2 + 

iTs = a^s + 7, 

where a, / 3 , 7 are real numbers. 

Conversely, any transformation of the form T can be 
interpreted as a translation. First, we deduce the equa- 
tions of a line in space. Suppose the line is determined as 
passing through two distinct points A (ai, 02, as) and 
A'(a[j aiy aO. Let P(xi, X2, Xz) be an arbitrary point on 
the required line. Then from similar figures we have 


Xi - ai 

^ 52. 

— (12 

_ Xz - az 

a'l — ai 

CL2 

— G2 

dz dz 

Xi - ai 

- El 

— az 

Xz — d,z 

a 
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the equations of the line passing through A and A'. Con- 
versely, equations of this form define a straight line when 
a, / 3 , 7 are not all zero. 

Given, then, a transformation 

Xi = “f* a 

T: X2 = X 2 + fi 
== xs 4* 7 

with a, jS, 7 real numbers which we suppose not all zero, 


• The term **rear^ is merely descriptive of the fact that we are, for con- 
venience, restricting the numbers a, /3, y to be real numbers — that is, not 
complex numbers or numbers of some other number system. 
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consider the line defined by 

iCi — X2 hi Xz — hz 

~ 0 ~y~' 

where (61, 62, bz) is an arbitrary point. If a point P (xi, 
X 2 , Xz) is on this line, its correspondent P' (rrj, xj, Xz) is like- 
wise. For x[j x!zi Xz satisfy the equations 

x[ — hi a _ Xz — hi — P _ Xz -- hz — y 

a *" iS - T ' 

and hence 

x[ — hi _ Xz hi _ Xz — bz 
a P y 

That is, every line of the family of parallel lines specified by 
direction numbers a, jS, 7 is invariant under the trans- 
formation T. It is also clear that the line segments joining 
corresponding points satisfy the conditions ( 1 ), ( 2 ), ( 3 ) 
listed above. Hence equations T define a translation. 

If T I and Tz are two real translations, then there exists a 
real translation Tz which is the resultant or product” of 
the translations Ti and Tz, in the order Ti followed by Tz, 

Tz = TiTi. 

Let 

x[ = Xi + ai Xi = x[ az 

Til x^ = Xi pi Til Xz = x'z Pi 
x'z = Xz + 71 Xz = x'z + 72. 

Then 

Xi = (Xi + oil) + Olz 
Tz' Xz = {xi -h /81) -f- Pi 
Xz == {xz + 7l) + 72 

or 

Xi = a;i -}- (oji -f- a2) 

Tz* Xz — Xi+ {Pi -h Pi) 

Xz = Xz+ (71 + 72) 
or 

Xi =‘ Xi + az 

Tz* X*i X2 + Pz 
Xz = + 78 
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where as, yz are real numbers, since each is the sum of 
two real numbers. That is, Tz is a real translation. 
Moreover, since we assume addition to be commutative 
for the real numbers, it follows that 
the resultant of two real translations 
is likewise commutative ; that is, 
7^3 = T^Ti = T 1 T 2 . This theorem 
has the obvious geometric interpre- 
tation or graphical representation 
indicated in Fig. 5. 

1.3 Group. 

References: Veblen-Young (51), I, 
p. 66; Bocher (27), p. 80; Young (55), 
^^8- ® p. S9;Schreier-Sperner (49), II, p. 7. 

One of the most important concepts in mathematics is 
that of a group. 



Definition: A class G of elements which we denote by 
a, 6, c, . . . is said to form a group with respect to an 
operation or la^v of combination O acting on pairs of elements 
of G, if the following postulates are satisfied: 


(1) For every pair of elements a, b (equal or distinct) 
of G, the result a Ob oi acting with the operation O on 
the elements in the order given is a uniquely determined 
element of G, (Closure property.) 

(2) {a O b) O c = a O {b O c), (Associative property.) 

(3) There exists in G an element ? such that a O i = a 
for every element a of G. (Right identity element.) 

(4) For every element a in 6 there exists an element a' in 
G such that a O a' = i, (Right inverse.) The group is 
said to be commutative if the additional postulate is satisfied: 

(5) a Oh = b O a ioT every pair of elements a, b in G. 

Instances of a group are (1) the set of integers, including 
zero, with respect to addition; (2) the set of real numbers 
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with respect to addition; (3) the set of all real numbers 
except zero with respect to multiplication. 

Exercises 

1.1. Obtain the translation which carries the point (1, 2, 3) 
into (~2, 3, —1). 

1.2. The points A (1, 4), B (2, -3), C (-3, 5), Z> (-4, 12) are 
the vertices of a parallelogram. 

1.3. Prove directly from the equations of transformation that 
the set of real translations in space constitutes a commutative 
group with respect to the operation of forming their resultant. 

1.4. Let Xy y be rectangular Cartesian coordinates in the plane. 
The transformation 

X = rc' cos B — y' sin 6 
y = sin B y' cos B 

is called a rotation about the origin. Show that 

(1) The set of real rotations about the origin constitutes a 
commutative group with respect to the operation of forming 
their resultant. 

(2) Any circle with center at the origin is invariant with respect 
to the group of rotations about the origin. 

1.6. The three cube roots of unity constitute a group with 
respect to multiplication. Interpret geometrically. 

1.6. Prove the following theorems concerning a group: 

(1) For any two elements a and 6 of G there is a unique element 
c of G such that c O a = h. 

(2) Given any element a of G, there exists a unique left inverse; 

that is, an element a* such that a* O a = ^ being an identity 

element postulated above. 

(3) i O a = a for every element a in G. 

(4) There is only one identity element in G. 

(5) For each element in G there is only one inverse. 

(6) The inverse of a product is the product of the inverses in 
the reverse order. 

(7) Forming the inverse of an element of G is an operation of 
period 2. (An operation is said to be of period 2 if, when applied 
twice to any element of a class, it yields that element. For 
instance, taking the negative of a number is such an operation.) 
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§2. Scalars and Vectors 

References (7), pp. 1-4; Ames-Murnaghan 

(24), pp. 1-6. 

In our work we shall need to distinguish carefully two 
kinds of quantities, scalar quantities and vector quantities. 

, A scalar quantity is a quantity whose measure can be 
; described by a single number. It is a quantity which 
admits of being measured on a linear scale. For example, 
temperature is measured on the scale of a thermometer; 
angle on a graduated scale. A physical or geometric 
quantity is said to be a scalar if it is such that its instances 
(states) admit of a one-to-one reciprocal continuous 
correspondence with length. The real numbers are taken 
per se to be scalars. This assumption is equivalent to the 
coordinate axiom discussed in §1. A thermometer is an 
instrument which establishes a correspondence between 
states of temperature and numbers on a scale; a ther- 
mometer is, then, a coordinate system. 

We take as our concept of a vector quantity a quantity 
whose instances (states) admit of a one-to-one reciprocal 
continuous correspondence with a set of translations in 
space. Hence a vector quantity requires three ordered 
numbers for its specification. 

Let V be any given vector^ and let T be the unique 
translation determined by it in the above correspondence. 
Let A be any point, and let B be its correspondent under 
the translation T. We have seen that the translation is 
unambiguously represented by an arrow having A as its 
initial point and B as its terminal point. Hence this same 
arrow likewise completely describes the vector V. Any two 
arrows (directed line segments) satisfying the relations 
(1), (2), (3) (see page 5) represent the same translation and 
hence the same vector. Thus any point may be taken as 
the initial point of an arrow which represents a given vector. 

As an aid to our visualization process and intuition, this 
graphical representation of a vector is extremely useful. 

^ We follow the practice of denoting vectors by boldface tjrpe. 
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While it is true that most of the theorems which we will 
establish by means of vectors will be proved algebraically, 
the motivation of the proof will often be through the 
graphical representation of the vectors. 

Exercises 

2.1. Classify the following with regard to scalars, vectors, 
neither: linear displacement, mass, time, force, speed, affine trans- 
formation, linear velocity, density, resistance, linear acceleration, 
angular velocity, angular rotation, homogeneous strain. 

2.2. Give examples of coordinate systems which you have 
observed. 


§3. Addition and Scalar Multiplication of Vectors 
3.1 Addition of vectors. 

References : Addition and scalar multiplication of vectors 
will necessarily be treated in any book on the subject. 

Let the translations Ti, Ts, Tz of page 7 be represented 
by the vectors 7i, 72, Vz, respectively. In vector notation 
we denote the following of one 
translation by another by the 
sign + (plus), the process being 
called addition. Thus the vec- 
tor equivalent of 

Tz = TzTx = TiTz 

is 

7, = 7i + 72 = 72 + 7i. 

Hence the addition of vectors is 
commutative. ^*^8- ® 



We clearly have the graphical representation of the sum 

of two vectors: Let the arrow AR, that is, the arrow from 
point A to point JS, represent one vector, and let the arrow 

BC represent the other vector; then the sum of the vectors 


is represented by the arrow AC (Fig. 6). 

If the arrows representing two vectors are not parallel 
we have the useful interpretation: The sum of two non- 



12 


ALGEBRA OF VECTORS 


[Ch. I, $3 


parallel vectors is represented by a diagonal of a parallelo- 
gram whose sides represent the given vectors; the diagonal 
to be selected is the one which joins the initial point of one 
vector with the terminal point of the other vector (Fig. 6). 
This is the so-called parallelogram law for the sum or 
resultant of two vectors. The reader has probably 
encountered it in mechanics for compounding forces. 
However, in that connection the parallelogram law is 
not a theorem in the sense of mathematics, but only an 
empirical deduction (cf. Ma^h (43), pp. 33-48). So far 
as we are able to determine experimentally, forces behave 
as vectors. However, if forces are vectors, any theorem 
concerning vectors yields, through this interpretation, a 
statement concerning forces. It is through special inter- 
pretations such as this that the mathematics gains its 
utility with respect to other subjects. (Cf. Vehlen-Young 
(51), I, pp. 1-2.) 

Let Ti be a translation and let T 2 be its inverse. Then the 
resultant of the two translations is the identity translation 
for the group which causes an arbitrary point to correspond 
to itself. Let called the zero- vector, represent the 
identity translation. Then if Fi represents a translation 
and V 2 its inverse, we have 

+ F 2 = Oy 

where we have emphasized in the notation that the right 
member is the zero-vector and not the number (scalar) 
zero. We see from the graphical representation that the 
arrows representing Vi and V 2 differ only in sense of direc- 
tion. We then write 


V 2 = -7i. 

3.2 Scalar multiplication of a vector. 

If T is a translation and X is a positive integer, then by 
we shall mean that the translation T is carried out X 
times. This would cause a displacement X times as great 
as the displacement caused by T alone, the displacement 
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being in the same direction. More generally, if T denotes 
the translation 

x[ = Xi + a 

T: ^ 

X^ = X3 + 7 , 

then by we shall understand the translation 

x[ Xi \a 
T^: x '2 = X2 + 

= Xz + \y 

where X is any real number. We take this as a definition of 
W. 11 V is the vector representing T, then we must take 
XV as representing otherwise, multiplication of a vector 
by a positive integer would be inconsistent with addition. 

Hence, if a vector V is represented by an arrow, the 
vector XV, where X is any real number, will be represented 
by an arrow having the same or the opposite direction 
according as X is positive or negative, and having the 
length |Xl times the length of the arrow representing V. 

3.3 Laws governing addition and scalar multiplication of vectors. 

Reference: See, in particular, Weyl (53), pp. 15-16. 

We now list the following laws as governing the opera- 
tions of addition and scalar multiplication of vectors. 
Some of these may be obtained as theorems resulting from 
our previous assumptions; others are properly regarded as 
additional assumptions. 

Let a, 5, c, . . . be any vectors, and let X, /z, ... be 
any real numbers. 

I. Addition. 

(1) a + b = b + a (Commutative law for addition) 

(2) (a + b) + c = a + (b + c) (Associative law for 

addition) 

(3) If a and b are any two vectors, there exists one and 
only one vector x satisfying the equation 

a + X b (Unique solvability) 
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Clearly, these three properties may be regarded as 
^heorems resulting from our previous considerations. 

II. Multiplication. 

(1) Xa = aX (Multiplication is commutative with 

respect to scalars) 

(2) (K + fi)a = \a + fia • (Scalar multiplication is dis- 

tributive with respect to 
addition of scalars) 

(3) X(^ta) = (\fJL)a (Associative with respect to scalar 

multiplication) 

(4) X (a + 6) = Xfl + Xh (Distributive with respect 

to addition of vectors) 

(5) la = a (Notation) 

Of these we regard (1) as a new assumption and (5) as a 

convention; the remaining ones can be established as 
theorems. For the axioms underlying the real number 
system, see Veblen-Young (51), I, p. 149; Dickson (30), 
p. 200; Beck (25), Chapter I; CaratModory (29), pp. 1-5. 

III. Points and vectors. 

(1) Every ordered pair of points A and B determine 
uniquely a vector a ; expressed symbolically, 

AB = fl. 

(2) If A is any point and a is any vector, there exists a 
unique point B such that 

= a. 

(3) If AB = a and BC = 5, then AC = a + &. 

Exercises 

3 . 1 . The set of real vectors constitutes a commutative group 
with respect to addition. 

3 . 2 . Prove property (3) under laws of addition stated above. 

3 . 3 . Prove properties (2), (3), (4) under laws of scalar multi- 
plication stated above. 
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§4. Linear Dependence of Vectors 
4.1 Linear spaces. 

References: Weyl (53), p. 16; CaratModory (29), Chapter 
VI; Schreier-Sperner (49), I, pp. 22-35; VehUn (50), p. 13. 

If a 1 is a vector different from 0, all vectors of the form 
XiCi, Xi being an arbitrary real number, are said to form 
a one-dimensional linear vector space. If ^2 is a vector not 
of the form XiOi, then all vectors of the form 

Xlfli “f" '^ 2^2 

constitute a two-dimensional linear vector space. If Cz is a 
vector not of the form XiCi + \ 2 CL 2 y then all vectors given by 

Xifli + X2O2 + Xafls, 

where the X’s are arbitrary real numbers, constitute a 
three-dimensional linear vector space. 

If 0 is a fixed point and Ci is a vector ^ 0, the end points 

P of all vectors OP of the form XiOi, Xi being an arbitrary 
real number, constitute a one-dimensional space of points 
called a straight line. If C 2 is a vector not of the form 

XiOi, the end points P of all vectors of the form OP = XiOi 
+ X 2 a 2 form a two-dimensional space of points called a plane. 
Thus the plane may be thought of as generated by sliding, 
in a particular fashion, one straight line along another. 

Similarly, the end points P of vectors OP of a three- 
dimensional linear vector space form a three-dimensional 
space of points. 

' 4.2 Linear dependence. 

References: CaratModory (29), p. 309; Schreier-Spemer 
(49), I, pp. 19-22; Weyl (53), pp. 16-17; Beck (25), p. 74; 
Bdcher (27), Chapter III; Graustein (35), pp. 8-12. 

A finite number of vectors ai, Ozj • • • , Oh are said to be 
linearly dependent with respect to the field of real numbers 
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X if there exist real numbers Xi, X 2 , . . • , iiot all zero, 
such that, 

Xifli + X2fl2 "h * * * “t* Xfcfl* = 0 

The vectors are said to be linearly independent if they are not 
linearly dependent. Hence, if a set of vectors known to be 
linearly independent satisfy an equation of the form 

Xifll + X2fl2 + * * * + X^flA = 0 ^ 

it must be that Xi = X 2 = • • • = Xa = 0. The notion 
of linear dependence as applied to vectors is indispensable 
if we wish to reach a clear understanding of vector analysis. 
Unfortunately, this essential idea has been frequently 
omitted or very inadequately treated by authors of books 
on the subject; however, it has been tacitly assumed in all 
such cases. Whenever we speak of linear dependence, 
it will always be understood to be with respect to the field 
of real numbers. 

4.3 Axiom of dimensionality. 

We now make the assumption: There exist n linearly 
independent vectors, but every set of n + 1 vectors are 
linearly dependent; unless it is otherwise indicated, we 
employ the further assumption that n = 3. 

This means that we are restricting our attention to linear 
vector spaces of at most three dimensions. Also, all 
points P which are available belong to the same three-space 
of points. 

4.4 Basis of a linear vector space. 

References: Weyl (53), p. 17; Schreier-Sperner (49), I, 
p. 26; CaratModory (29), p. 310. 

We have postulated the existence of three linearly 
independent vectors, tet such a set be denoted by ei, 
^ 2 , ea. We have, also, assumed that any four vectors of the 
space under consideration are linearly dependent. Hence 
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for any vector V in the space, there exist real numbers X, 
ai, a2, as not all zero, such that 

XV + aiei + «2^2 + otzCs = 0, 

Here, X 5*^ 0 ; otherwise there would exist a linear depend- 
ence among the vectors ei, Cz contrary to hypothesis. 
Hence we may write 

V = fiiCi + ^2^2 + PsBs. 

Hence, in the space considered, any vector of the form 
aiCi + + «3^3, where ei, €2, 63 are linearly inde- 

pendent, is a vector of the space; and, conversely, any 
vector of the space can be so expressed. Any set of vectors 
having these two properties is called a basis of the space 
which they ^^span'' or '^generate.^^ We shall make 
extensive use of a basis in our study of vector analysis. 
It turns out, usually, when we have a meaning for a given 
operation when it is applied to the base vectors, that then 
we know its meaning when it is applied to an arbitrary 
vector. 

The linear independence or dependence of a set of 
vectors which are expressed as linear combinations of the 
base vectors can be characterized in terms of their coeflS- 
cients. As an instance of this we prove the 

Theorem: A necessary and sufficient condition that 
a = oLiCi + a2^2 ”1" and h = + ^2^2 H" 

be linearly dependent, where ei, e2, constitute a basis, is that 
the rank of the matrix 



be less than 2; that is, that every second-order determinant 
formed from two of its columns be equal to zero. 

By the definition of linear dependence, a necessary and 
sufficient condition that a and h be linearly dependent is 
that there exist numbers X, /i not both zero such that 

X® -|- fib = Om 
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In terms of the base vectors this condition becomes 

X(aiei + a2«2 + ones) + + ^ 2^2 + Pa^a) 0 

or 

(aiX + Piij)ei + (aaX + M^2 + (^aX + Pzt»)ez = 0. 
Since, by hypothesis, Ci, 62, €z are linearly independent, the 
numbers X, /a must satisfy the three linear algebraic (scalar) 
equations 

«iX + jSiM = 0 

(A) a2X -f i 82 M = 0 

ajX -j- jSajLi == 0. 

Of course, these equations are satisfied by the pair of 
numbers X =■ 0, /^ = 0, no matter what the coefficients 
a, jS are. However, our problem is to obtain a condition on 
the coeflScients a, which will be equivalent to the existence 
of a solution X, /x, not both zero. If X, /x are to satisfy this 
system of three equations, in particular, they must satisfy 
any two of the equations. Consider, then, 

«iX + PiM- = 0 

a2X + i82M = 0. 


If the determinant 


ai 

<X2 


Pl\ 

^2 


5^0, 


these equations can be solved by determinants in the usual 
manner and clearly yield the result X = 0, /x = 0. Hence 
we conclude that if the equations {A) have a solution other 
than 0, 0, the determinant of coefficients of any pair of 
these equations must vanish. Conversely, if these deter- 
minants are zero we verify that any solution of one of the 
equations is also a solution of each of the others. 


4.6 Affine coordinate system. 

References: Schreier-Sperner (49), I, p. 32; Weyl (53), 

p. 18. 

Let ei, 62, , en, with n a positive integer, be n 

linearly independent vectors. Then the set of vectors for 
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which eif ^ 2 , • • • , form a basis is called a linear vector 
space of n-dimensions. If 0 is a fixed point, the set of end 
points P of vectors of the form 

OP = aiCi + ^2^2 + • • • + flfne» 

is called an n~dimensional space of points. The point 0 
together with the vectors Ci, ^ 2 , . . . , en is called an 
affine coordinate system for the space of points. The num- 
bers of the ordered set (ai, , an) corresponding to 

the point P, the terminal point of the vector OP, are known 
as the coordinates oi the point P. For n = 1, 2, 3, we have, 
respectively, an affine coordinate system for a line, a plane, 
and a three-space of points, as previously presented. 

There is nothing mysterious concerning an n-dimensional 
space as used in the mathematical sense when properly 
understood. We are careful to avoid the term * ‘ space 
with any meaning other than is implied by the above 
definitions. Thus, we are not here interested in the 
dimensionality of any physical, intuitive, psychological, 
or any kind of space other than mathematical. See Weyl 
(53), p. 23. 


Exercises 

4 . 1 . A necessary and sufficient condition that two vectors be 
linearly dependent is that they be parallel; that is, that their 
graphical representations be parallel. 

4 . 2 . A necessary and sufficient condition that three vectors 
be linearly dependent is that they be parallel to a plane. 

4 . 3 . Assuming that ei, 62 , Cz constitute a basis, determine 
which of the following sets of vectors are linearly dependent: 

( 1 ) a = 2 ei — 62 — 2e8 

6 = 6ei — 3^2 — 6C3 

(2) a = 2ei — e2 — 2ez 
b == 6^1 — 3^2 "t~ Cz 

( 3 ) a = 2ei — ^2 + 

b - ei + 4:02 + Ilea 
c == 3ei — 6e2 + Sea 
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(4) a <= 3*1 + «! + «» 
h = 2^1 + 5^2 — ^8 
c = 6ci + 17^2 — ^8* 

4.4. A necessary and sufficient condition that a vector be the 
zero-vector is that it have coefficients 0, 0, 0 when expressed in 
terms of a basis. 

4.6. A necessary and sufficient condition that c, 6, c be 
linearly dependent, when expressed in terms of a basis 

a = aiCi -H 052^2 + 
b = Piei + p 2^2 + ^ 3^3 
C = yi€i + 72^2 + 73^3, 

is that the rank of the matrix of coefficients be less than 3 ; that is, 
that the determinant 


ai 

a2 

as 

/Si 

02 

0B 

7i 

72 

7s 


shall vanish. 

4.6. Determine ai, a2, «3, such that the vectors 

Q == OCiBi -}- a2^2 “h «3^3 

6 = 2ei — e2 + 7ez 
c = Sci — 6^2 “f" 3^3 

shall be linearly dependent. Characterize the situation geo- 
metrically. 

4.7. A necessary and sufficient condition that three vectors 
of a three-dimensional linear vector space constitute a basis for 
the space is that they be linearly independent. 

4.8. Let fl be a vector in a space having ei, 62 , €3 as a basis. 
Show that the resolution 

a = aiCi -i- a2^2 + ^3^3 

is unique; that is, that the coefficients ai, a2, as are unique. 

4.9. The vectors of any linear vector space are closed with 
respect to addition and scalar multiplication; that is, if x and y 
belong to a linear vector space L, then x + y and \x also belong 
to L. 



Ch. I, §6] 


ALGEBRA OF VECTORS 


21 


4.10. Prove the following theorems: 

(1) If a sub-set of p vectors is linearly dependent, then the 
p vectors are likewise linearly dependent. 

(2) If p vectors are linearly independent, then any sub-set of 
these p vectors is also linearly independent. 

(3) If V vectors are linearly dependent, p > 1, then at least 
one of the vectors is a linear combination of the remaining ones. 

(4) If the vectors ai, a 2 , . . . , fip are linearly independent but 
the vectors di, 02 , ... , dp, b are linearly dependent, then 6 is a 
linear combination of di, d 2 , . . . , dp. 

(5) If the vectors di, d 2 , . . . , dp are linearly independent and 
h is not a linear combination of them, then the vectors di, 
d 2 , . . . , dp, b arc also linearly independent. 

(6) Any set of vectors containing the zero-vector is a linearly 
dependent set. 

§5. Illustrative Examples 

We are now in position to work a variety of problems. 
It will be noted that the results are obtained by means of 
affine coordinates, and they are in each case independent 
of the particular coordinate system used. Hence the 
results hold if the coordinate system chosen is a rectangular 
Cartesian one ; however, no advantage is gained by employ- 
ing such a specialized codrdinate system. The results are 
partially characterized by the entire absence of any metrical 
relations such as the distance between two points or the 
angle between two lines. 


Example 1. Show that the points whoso affine coordinates are 
(5, —1), (-”1, 2), ( — 5, 0), and (1, —3) are the vortices of a 

parallelogram. It will be sufficient to show that BA = CD. 
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Clearly 6 + RA *= a and c + CD = and hence RA = a - & 
and CD ^ d -- c. But 


a = — ei + 2 e 2 
h - —5ei 
c = ei — 3^2 
d = hex — e%. 

Therefore, RA = 4ei + 2^2 and CD = 4ei + 2^2; that is, 

RA = ra. 

Hence we conclude that the figure is a parallelogram. 

It is important to appreciate that the result is independent of 
the particular affine coordinate system used. In other words, if 
two independent workers constructed the figures, the figures 
would probably ‘Mook’’ quite different. In each case, however, 
the constructed figure could not fail to be a parallelogram, which 
is all that we are asked to prove. 

Example 2. The diagonals of a parallelogram bisect one 
another. 

Let vectors a, b be the adjacent sides of a parallelogram, with c 
and d its diagonals as indicated in Fig. 8. 



Then d = a + by and a-l-c = 6 or c==6 — a. Let M be the 

point of intersection of the diagonals, and consider the vector OM. 
> 

Since Af is on the vector OQ = d, it must be that 


OM = Xd, 
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where X is a scalar yet to be determined. Similarly, since M is 

on the diagonal AB = c, we have OM ^ a + fic where ^ is a 

suitable scalar. Equating these expressions for OM, we have a 
condition on the unknown scalars X, n, 

\d — a + fjLC* 


This is a linear equation in the vectors a, c, and d. Since, how- 
ever, these vectors are not linearly independent, we can draw no 
immediate conclusion concerning values of X and /i which satisfy 
this equation. We now express the vectors in this equation in 
terms of two vectors known to be linearly independent, say, 
a and h. Thus we have the equation 

X (a + 6) = a + M (& — fl) 
or 

(X + M — l)fl + (X ~ ti)b == 0. 


Since a and b are linearly independent (otherwise they would not 
form the adjacent sides of a parallelogram), it must be that 

X + M - 1 = 0 
X — = 0. 

The solution of these equations for the unknown scalars X and n is 
X = i, M = i. 


Hence OM = iOQ and AM that is, the point M bisects 

each of the diagonals. 

Example 3. To divide a directed line segment AB into a 
prescribed ratio X:/i. 

Denote the vector AB by c ; let 0 be a point not on the line AB; 
and let a = OA and b = OB, Let P be the desired point, and 
let OP = p. Then, clearly. 


^ s a + 


X + M 


fl + 


X + M 


ib^a) 


or 


P 


fia + \b 
X + M ' 
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the required solution. Since the resolution of a vector in terms 
of a basis is unique, this single vector equation is equivalent to 



three (or n) scalar equations. Let 0 bo the origin of an affine 
coordinate system determined by base vectors ei, ^ 2 , Let 

a = ai€i + a2e2 4* oi^ez 
b = 

P = TTl^l + 7r2e2 + Tfzez. 

Then the coordinates of A, B, P are, respectively, (ai, az, as), 
(fii, P 2 , Ps), (tti, 7r2, TTz). Hence the coordinates of P are given by 

_ -f X/3i _ _ M«2 + X^2 Mas + X/Ss 

Vi — r — t; } ir2 — — T — \ ) Tz ^ — \ f 

X + M X + M X + M 

the usual coordinate form. 

Example 4. Obtain the equation of the straight line passing 
through a point A and parallel to a given line. 


b 



0 

Big. 10 
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Let 0 be any point, and denote OA by a; also let I? 0 be 

parallel to the given line. Let x be the vector OP where P is an 
arbitrary point on the required line. Then 

X = a + AP = a -f X6, 

where X is a variable scalar. We call this a vector equation of 
the required line, since any point P on the line determines a 

vector X = OP which satisfies this equation; and conversely, any 
X satisfying this equation determines a point P which is on the 
required line. Let 0; ei, ^ 2 , ^3 be an affine coordinate system 
with origin at 0 in which 

a — aiCi + aie2 + ases 

b = PiCi + ^2^2 + 

X = xiCi + X2e2 + xzCz. 

Then 

Xiei + a:2^2 + XzCz = (ai + X/3i)ei + {az + \P^e2 + (aa + Xps)®3« 

Since the vectors ei, e 2 , ez are linearly independent, this vector 
equation is equivalent to the three scalar equations 


xi = ai + i^iX 

X2 == CK2 "I" 

Xs = Ofs + Pz\ 

which are the parametric equations of the line with X the variable 
parameter. If X is eliminated from these equations, we obtain 
the symmetric equations of the line 


Xi — ai __ <3^2 — a? __ Xz ~ az 
Pi Pi Pz 

Since by hypothesis b 0^ not all /Si, /Sa, Pz are zero. 

Exercises 

5.1. The lines joining the midpoints of the adjacent sides 
of any quadrilateral form a parallelogram. 

6.2. Show by means of vectors that the medians of a triangle 
meet in a point which is a point of trisection of each median. 
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6.3. Show by means of vectors that the affine coordinates of 
the centroid of the triangle whose vertices are (ai, aj, ocg), 
(fii, fiif ft), (ri, Ts, Ts) are 

/ai -f ft + n + ft + 72 ag + ft + 7^ 

3 ^ 3 ^ 3 J 

6.4. Obtain the vector equation of the straight line passing 
through two points A, B whose position vectors are a and h| 
respectively. From the vector equation obtain the usual coordi- 
nate form. Note: If A is a point and OA = a, the vector a is 
called the position vector of A (with respect to the point 0). 

6.6. Obtain a vector equation of a plane which passes 
through a point C whose position vector is c and which is parallel 
to two linearly independent vectors a and b. Obtain the coordi- 
nate form. 

6.6. If aa + Pb =0 and a + p = 0, with a, p not both zero, 
show that a and b are equal vectors. 

6.7. If aa + Pb yc = 0 and a -b jS + 7 =0, with a, j8, y 
not all zero, show that if a, b, and c have a common point as their 
initial point, their terminal points lie on a straight line. 

6.8. If ABC is a triangle, show that there exists a triangle 
whose sides are respectively equal to and parallel to the medians 
of the triangle ABC, 

6.9. If a system of forces acts upon a particle, what is a 
condition upon the vectors representing the forces that the 
particle be in equilibrium? 

6.10. Let 0 be any point in the plane of a triangle ABC. Let 
the midpoints of the sides of the triangle be A', B\ C'. Then 

0A-|-0i-h^ = 0A' + 0^ + OC\ 

Various other applications will be found in the references 
cited. Here we are not interested in the results of the 
applications as such, but only insofar as they contribute 
toward an understanding of the subject of vector analysis 
and indicate its significance in related fields of knowledge. 

§6. Introduction of a Metric 

Thus far our study has been nonmetrical in character. 
We have had no occasion to speak of the distance between 
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two points, or of the length of an arbitrary vector, or of the 
angle between two vectors. It seems appropriate at this 
time to introduce a metric. By a metric is meant a scheme 
for measu ring 

6.1 Fundamental quadratic form. 

References: Weyl (63), pp. 22-33; Cartan (28), p. 29; 
Bdcher (27), Chapter XI; Kowalewski (41), p. 176 Jf. 

Let Cl, 62 , ez constitute a basis for a linear vector space 
Lz of three dimensions. A point 0 together with these 
vectors forms an affine coordinate system for the associated 
three-space of points Ez. In addition to our previous 
assumptions, let there now be given a quadratic form 

Q (x) s Xiix? + \12X1Z2 + \izxixz 

+ \21X2X1 + \22X2 + \2zX2Xz 
-h XsiWi + X82a:8a;2 + 

with the properties: 

(1) \„fi are real constants; 

(2) \afi — X/Ja ; 

(3) Q{x) >0 for all real numbers Xi, Xz, Xz, not all zero. 

On account of (1) the quadratic form is said to be real; 
on account of (2) the form is said to be symmetric; because 
of (3) it is said to be positive definite. 

Given the quadratic form Q(x), which we now write in 
the more convenient notation 

3 

we also have the uniquely determined symmetric bilinear 
form 

3 

a .^-1 

Now, given any two vectors x and y in Ls, x = xiCx -f 
Xz^z + XzCi and y = yx€i ^2^2 + yi^z, we define the 
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length of the vector x to be the nonrnegative real number 
+ and the angle 6 between the vectors x and y, 

neither of which is the zero-vector^ by 

a = y) 

VQ{x:)\/Q{y) 

The resulting geometry is called Euclidean. 

Evidently 

Q (Xf y) =Q (y, x) 

Q{x + y,z) = Q{xy z) + 0(y, z) 

QO^x.y) = XQ(r, y), 

X being an arbitrary real number. 

We now prove the important result : If x and y are any 
two non-zero real vectors of La, the angle 6 between them 
as above defined is real, that is, not imaginary. Obviously 
the expression for cos 6 is real. • It will be sufficient, then, 
to show that the absolute value of 

Q(x, y) 

VQixWQiy) 

does not exceed 1, or that 

lQ(x, y)| ^ VQMVQW)^ 

or that 

IQU, y)}^^0(r)Q(y). 

Consider, then, Q{x + Xy) where X is an arbitrary scalar. 
We have 


Q(x -\r\y) = e (x) + 2Q (x, y)X. + Q (y)X2, 

a quadratic expression in X with real coefiicients. By 
hypothesis Q(x + Xy) ^ 0, the equality sign holding ohly 
when X + Xy = 0. Hence the equation in X, 

Q(y)X2-h2Q(x,y)X + Q(x) =0 

possesses no distinct real roots. But a necessary and 
sufficient condition that this be true is that the discriminant 
of the quadratic expression be negative or zero; that is, that 

{e(x,y)}*-Q(y)Q(x) go. 
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This completes the proof of the theorem. 

The important relation 

{0(x.y)}*^0WQ(y) 

is known as the Cauchy-Schwarz inequality. 

If Q (x) = 1, the vector x is said to be unitary or to be a 
unit vector. Nothing more is to be implied by this 
terminology than that the vector has the length 1 (one). 
If X and y are each non-zero vectors, the vanishing of 
Q(x, y) is equivalent to cos 9 = 0. Hence, a necessary 
and suficient condition that two non-zero vectors x and y be 
perpendicular, or orthogonal, is that Q(x, y) =0. It is 
clear that, if x is the zero-vector, Q(x, y) = 0. In this 
sense it will be convenient to speak of the zero-vector as 
being orthogonal to y. 

6.2 Scalar product of two vectors. 

The value of Q (x, y) is called the scalar product of the 
vectors x and y. We shall denote the scalar product by 

a notation probably due to Gibbs. This symbol is fre- 
quently read “x dot p” and is often called the dot product. 
It is of course not a ^'product'' as in algebra. We have 
simply in x • y an operation which when applied to two 
vectors yields a scalar. In this notation the length of a 
vector X is given by + Vx • x. We shall also use the sym- 
bol |x| to stand for the length of x. 

Exercises 

6.1. A necessary and sufficient condition that a real vector x 
be the zero-vector is that x • x =0. 

6.2. If X 5 *^ 9, there exists a unique real positive number X 
such that Xx is a unit vector, 

6.3. If X and y are unit vectors, the angle B between them is 
given by cos 0 = X • y. 

6.4. If a vector is orthogonal to each of three linearly inde- 
pendent vectors, it is the zero-vector. 
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6.5> The scalar product of two vectors admits of the interpre- 
tation: the product of the length of one of the vectors and the 
orthogonal projection of the other vector upon it. (This is fre- 
quently taken as a definition of the scalar product of two vectors.) 

6.6. Establish the following; 

(1) jc • y - p • X 

(2) z • (x -I- y) = 2 • X + z • y 

(3) |-x| =■ |x| 

(4) jxx| = |\||xl. 

6.7. Show that 

ix + y)-{x + y) ^x*x + 2x*y + y-y. 

What well-known formula of trigonometry is this? 

6 .8. If X represents a displacement and y represents a force, 
then X • y gives the work done in displacing y through the dis- 
placement X. With this interpretation, what is the significance 
of property (2) of Exercise 6.6? 

6.9. A necessary and sufficient condition that a parallelo- 
gram shall be a rhombus is that its diagonals intersect at right 
angles. 

6.10. The distance between two points is taken to be the 
length of the vector joining them. Deduce the formula for the 
distance between two points in terms of their coordinates. 

6.11. For any three points A, B, C of Ez, 

IE + EC 

where IE denotes the distance between A and B. This relation 
is frequently called the ‘‘triangle property.” 

6.12. Given the fundamental quadratic form Q (x) as follows: 
Xu = 14, Xi2 =* — 2, Xii = 7, X2* = 3, X23 = 0, Xzs = 6, compute 
the lengths of 

X = 2ei — 2e2 + ez and y = ei + ieg + es 

and the angle between them. If x and y are the position vectors 
of A and B, respectively, compute the distance IE, Verify the 
Law of Cosines for the triangle OAB, 
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6.13. Given base vectors ei, ej, es for La and the fundamental 
quadratic form 

3 

Q (x) = ^afiXaX0f 

a,B-l 

establish the following: 

(1) €a * — Xa/9* 

(2) Xii, X 22 , Xaa are each positive. 

(3) The cofactors of Xu, X 22 , Xaa in the determinant 



Xii 

X 12 

X 18 


X 21 

X 22 

X 28 


Xsi 

Xaa 

Xss 


are each positive. 

(4) The determinant g is positive. (For this part of the exercise 
reference may be made to the following section.) 

6.3 The i, y, k system of base vectors. 

References: Cartan (28), p. 30; Bdcher (27), p. 131; 
Kowalewski (41), p. 179. 

We now show that there exists in La a system of base 
vectors ei, 62 , Ca which are unitary and mutually orthogonal. 
Let the given basis for La be ei, € 2 , Ca and let the quadratic 
form be 

3 

Q (^) ~ \a0XaXfi. 

a,0^1 

Since ei, 62 , ea are linearly independent, no one of them is 
the zero-vector. Hence, in particular, Ci • ei == Xn 9 ^ 0. 
We first set up an orthogonal system of base vectors 
e[y ei, ei Let 

e'l = ei 

e'a = aei + jSea. 

Upon imposing the condition of orthogonality, ej • ej = 0, 
a and jS are required to satisfy the equation 


aei • ei + jSei • e2 * 0 
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Hence the vector 


(—ei • e2)ei + (ei • ei)e2 

\ei • ei ei\ 


~ \e2 * 

ei 

C 2 I 


is perpendicular to e[. 

Now define ej by 

ei 

• Cl 

Cl • C 2 

Cl 

e's = e2 

• ei 

^2 * C 2 

C2- 

es 

• Cl 

C 3 • C 2 

C 3 

Clearly e'g • ei = 0 and 

e's- 

^ = 0. 

Hence 


an orthogonal system. To obtain a unitary system, it is 
necessary only to divide each vector by its length. Hence 
the desired vectors ei, ^ 2 , ^3 are given by 


Cl = 

ei 

Vei-e, 

ei 


C 2 = 

ITTer 


• ^1) 


\ C 2 • Cl 

^2 * C2 





ei 

Cs = 

/ci ■ Cl 

Cl • C2 

Cl • C3 


/ C 2 • Cl 

C2 • C2 

C2 ' C3 


\ Ca • Cl 

C3 * C2 

C3 • C3 


We denote vectors of such a system by i, ft, a well- 
standardized notation. A point 0 together with an 
I, y, ft system of vectors constitutes a rectangular Cartesian 
coordinate system. The coefficients of the fundamental 
quadratic form for an i,y, ft system are 

Xii = X22 = X33 = 1, X12 = X23 = X 31 = 0. 

Exercises 

6.14. If X = Xii + Xzj xsft and y = yii -|- y 2 j -f ysftj then 

1^1 = + xl + xl 

and 

X • y = xiyi + X2y2 + xzyz- 
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6.16. Introduce an i, k system of base vectors, given the 
metric of Exercise 6.12, and express the vectors x and y of that 
exercise in terms of the new base vectors. Verify the results of 
Exercise 6.12 by recomputing the same quantities in terms of the 
new metric. 

6.16. Any mutually orthogonal, non-zero vectors are neces- 
sarily linearly independent. 

6.17. Obtain the unique one-dimensional linear vector space 
L\ which is orthogonal to the two-dimensional linear vector space 
L% generated by 

X = XiCi + + xzez and y = y^ei -f ^ 2^2 + yzCz, 

§7. Linear Transformations 

References: Weyl (53), pp. 21-23; Bdcher (27), Chapter 
VI; Schreier-Sperner (49), I, pp. 114-128. 

Let ei, ^ 2 , ez constitute a basis for Lz having the funda- 
mental quadratic form Q{x) = We then have 

a meaning for the length of any vector in Lz and the angle 
between any two such vectors. If now we introduce a 
new system of base vectors for the same space, let us 
investigate what modification of the quadratic form will 
insure that the length of an arbitrarily given vector, and 
the angle between two such vectors, shall be independent of 
the particular base system used. 

7.1 Affine transformations. 

Let new base vectors ei, e., ez be introduced by means of 
the equations 

ei = aiiei + ofi2e2 + aizCz 

(A) 62 = OCziei + Of22^2 + « 2 S ^3 

iz = CCziCi + 032^2 + OCzseZf 

where the coefficients a,; are constants with the determinant 


an 

otit 

aiz 

azi 

a22 

azz ^ 0, 

azi 

a32 

ass 


since the vectors are to be linearly independent. Let the 



84 


ICh. I, &7 


ALGEBRA OF VECTORS 

coefficients of the new quadratic form be denoted by 
Then, since = e„ • e,, we have 

3 

(B) ^ 

pi«’"" 1 

Let X and y be any two vectors of L^. 

X = XiCi + X 2 B 2 + Xs^i = Xx€i + X2€2 + Xi^i 

y = 2/l«l + 2/2^2 + 2 / 8«3 = y \^\ + ^2^2 4 " 

The relations {A) between the base vectors imply the 
following relations between the coefficients of the vectors : 


Xl = + 0L2\X2 + CLzi^i 

(C) X2 = ai 2^1 4" « 22^2 4“ as25s 

Xz = a 13^1 4“ ^ 23^2 + ass^s- 

These same equations hold of course, for the ?/'s and ^^s. 
Consider now 


X • y — 

M,*' 

“ 1 2/XpyQf,ipaci»yXpy,, I 

M.» P,9 

~ I i<^voyy) I 

Pr«^ M,*' 

^^^^poXpyg. 


That is, the scalar product x- y has the same value when 
computed in either system. This exceedingly important 
result merits a formal statement. If two systems of base 
vectors are related by equations (A), the coefficients of an 
arbitrary vector x are related by equations (C). This is 
equivalent to what we mean by two descriptions 

XiCi 4 “ X2e2 4- xzCz and XiCi + X2e2 4 - £zez 

of the same vector. The two metrics are related by (B). 
The result we have established then, is that the scalar 
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product of two vectors is invariant with respect to the 
simultaneous transformations (A), (S), and (C) on the 
base vectors, the metric, and the coefficients of a vector, 
respectively. Since the scalar product is invariant with 
respect to these transformations, it follows that the length 
of a vector, and the angle between two vectors, have values 
independent of the particular coordinate system used in 
the class of affine coordinate systems. 

The importance of this result cannot be overemphasized. 
It means that a vector has an identity and significance 
independent of the coordinate system used. If it were 
not for this property, vectors could have no utility in 
physics or mechanics, as these subjects are primarily 
concerned with properties which are independent of the 
observer or of the particular apparatus (coordinate system) 
used in deducing the results. Suppose two observers 
M and N observe a vector quantity which they suspect is 
the same vector quantity, such as the flight of a meteor. 
Each observer has, of course, a coordinate system of his 
own. Let M^s description of the vector be 

xiei + X2e2 + xzBz 

and that of N be XiCi + X2e2 + x^ez. The question as to 
whether or not they have observed the same vector quan<- 
tity can have no meaning unless the relation between 
the two coordinate systems can be determined. Suppose the 
base vectors in the two systems are found to satisfy the 
relations (A); this means that the coefficients an, an, 
ai3, «2s, etc., are known. If then, the observed quantities 
Xiy X2y Xz, and Xi, X2y Xz satisfy the equations (C) with the 
known values of the coefficients a,y, we say that they have 
observed the same vector quantity; otherwise not. 

Equations of the form (A) or (C), which are linear equar 
tions with constant coefficients, are known as a homogene- 
ous affine transformation. We note that if (A) is given, (J?) 
and (C) are uniquely determined; also if (C) is given, then (A) 
and (B) are completely determined. If 0 is the conunon origin 
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of two affine coordinate systems determined by ei, ^2, Cs, 

and ii, 62, is, the point P specified by a vector x = OP 
has coordinates (xi, X2, Xz) in the one system and (xi, £2, Xz) 
in the other. Hence equations (C) may be interpreted as a 
transformation of one affine coordinate system to another 
having a common origin. That is, if the coordinates of a 
point P are given in one coordinate system, the equations 
(C) tell what the coordinates of the same point are in the 
other system. 

7.2 Congruent transformation. 

If the equations {A) are such that the quadratic form is 
transformed into itself; that is, such that the 

transformation (A) is said to be a congruent transformation. 
In this case, since 

~ = X|ii» = Cn * Cpf 

the new base vectors have respectively the same lengths as 
the original ones with the same angles between them. If the 
two sets Cl, 62, ez and Ci, 62, is have the same orientation 
(discussed in §8), it means that one system of base vectors 
could be rotated into the other. 

However, the equations (C) may be equally well inter- 
preted as establishing a one-to-one reciprocal correspond- 
ence between the points oiEz with themselves. To a point 
P having coordinates (xi, X2, X3) there corresponds a unique 
point P with coordinates (xi, X2, Xz) in the same coordinate 
system. In the case of a congruent transformation, it 
results that the correspondents of P, Q, say P, Q, are such 
that the segment PQ has the same length as the segment 

m 

7.3 Orthogonal transformation. 

If a congruent transformation is carried out on an i, 7, k 
system of vectors, it of course results in another 1, 7, k 
system. In this case the transformation is called an 
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orthogonal transformcUion. The equations for changing 
from one rectangular Cartesian coordinate system to 
another one with the same point as origin must then be an 
example of an orthogonal transformation. 

The method used in §6.1 of introducing a metric may 
seem strange on a first reading. A more familiar, but 
logically equivalent, approach to measurement of lengths 
of vectors and angles between them is achieved . by the 
'postulate: There exists a preferred coordinate system, 
called rectangular Cartesian, determined by a point 0 and 
three unit vectors i, ft, mutually perpendicular to one 
another. In this system if 

X = Xii + xzj + Xzk and y = yd + y^j + ysft, 

the length of x is given by + xl + xl and the angle 6 
between x and y is given by 

cos e = + x^yz + xzyz 

\^x\ + xl + x\\/ y\ + y\ + y\ 

Even though the wording somewhat disguises it, what we 
have actually supposed in this case is the particular quad- 
ratic form whose coeflScients Xa/s are 

Xii = X22 = Xss = 1 , Xi2 = X28 == X31 = X21 = X32 = Xi 3 = 0 , 

by means of which we agree to measure lengths and angles 
in accordance with the above definitions. Starting with 
such a preferred coordinate system, if we introduce a new 
coordinate system by an orthogonal transformation, the 
quadratic form will remain unchanged. However, if we 
transform over to a new system by any aflSne transforma- 
tion (A), the new quadratic form may be expected to have 
different coefficients; all we can definitely say about it is 
that it will have the properties (1), (2), (3) of §6.1. 

Exercises 

7.1. Starting with an i, j, ft system of base vectors, let a new 
system of base vectors ei, 62 , ez be introduced by equations (A). 
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Show that the new fundamental quadratic form will have the 
properties (1), (2), (3) of §6.1. 

7.2. Starting with an k system, let new base vectors be 
given by 

= f - i + 2ft 
+ 2j - ft 
ea = 3i +7 4* ft* 

Compute the fundamental quadratic form for the new system. 
Given 

X == ei — 2^2 + ea and y = + ^2 + 2^8, 

compute lengths of x and y and the angle between them. Express 
these vectors in terms of 1,7, ft and recompute the same quantities. 

7.3. The set of all real affine transformations constitutes a 
group with respect to forming their resultant. 

7.4. Let the equations 

l = aiii + aiaj + aisft 
J = aaii + aaaj + «28ft 
ft = otaJ + aaaj + aaak 

define an orthogonal transformation. Prove the following: 

(1) + «J8 = 1, M = I, 2, 3. 

(2) a^iavi + a„ 2 ap 2 + aM8«r8 = 0, /x v. 

(3) If A denotes the determinant of the tranformation, A* = 1 
and hence A = 1 or —1. 

(4) The coefficients an, an, an are the direction cosines of the 
vector i with respect to the i, 7, ft system. 

(5) The inverse transformation is 

I = aiiZ + aaij + aai^ 

j == «i2* 4" OLaaj 4* a82^ 

ft = Otiai 4" <*287 4" <*88^. 

(6) If A = 4*1, the transformation can be interpreted as 
representing a rigid displacement which leaves the origin fixed, 
that is, as a ** rotation of axes.” 

(For orthogonal transformations, see Schreier-Spemer (49), 
I, p. 162.) 
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§8. Plane Areas as Vectors 

References: Gibbs-Wilson (7), pp. 46-51; Runge (17), 

pp. 10-26. 

In a Euclidean three-space of points E^, there exists a 
unique direction, neglecting sense, which is perpendicular 
to any given plane. We may then conveniently represent 
a plane area by a vector.® Let B be a simply connected 
plane area bounded by a closed curve C. A region R is said 
to be connected if every two points in R admit of being 
joined by a continuous curve lying wholly in it is said 

to be simply connected if any two s. 

such curves j oining the same two | 

points admit of a continuous j i 

deformation which causes them X ^ 
to coincide. We assign to the / R \ 
bounding curve C a positive ( 

sense of direction (orientation), V ^ 

which we take as the positive C 
sense of a tangent vector f to C 

at any point P on the curve (Fig. 11). Let 7i be a vector in 
the plane of i? at P which is perpendicular to t and which 
joins P to a near-by point of R. The vector n is called an 
inward-pointing normal. 

We now take as a vector r, to represent the plane area R, 
the vector which is uniquely determined by the three 
conditions: 


(1) The vector is perpendicular to the plane of the area; 

(2) Its length is equal to the value of the area; 

(3) Its sense of direction is such that it forms with the 
tangent and normal vectors, t and n, a right-handed 
triple in the order f, n, r. 


The positive sense of r is then the direction in which a 
right-handed screw would progress under a rotation from 
^ For a complete justification of this representation see Runge (17). 
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t toward n. Or, if the thumb of the right hand represents 
t and the index finger represents n, then the middle finger 
will represent r. The name ''right-handed triple'' comes 
from this description. If a man were walking along the 
shore of a lake with the water on his left, the vector repre- 
senting the area would be pointing directly upward. If, 
however, the water were on his right, the vector representing 
^ it would be pointing directly 

A downward. 



Vector cross product of two 
vectors. 

References: Gibbs-Wilson (7), 
p. 64 ff.; Runge (17), p. 34 Jf. 

Let X and y be the adjacent 
sides of a parallelogram, and 
let 2 be a vector representing 
the plane area of the parallelogram, which is oriented so 
that X, y, and z form a right-handed triple. Clearly, then, 
z is a function of x and y, say z = ip{x^y)y with the follow- 
ing properties : 


Fig. 12 


(1) (p{Xy y) = “^(y, x); 
{2)ip{x,x) = (?; 

(3) <p (Xx, y) = (x, y) ; 

(4) ^(x, Xy) = X<p(x, y). 


Let 0 be the angle between x and y. Then z = (p{x^ y) is 
such that 

(5) Vx • z = Vx • xVy • y sin 6. 

In place of the notation ^(x, y) we now use the well- 
standardized one 

z^xXy, 

read “x cross y.” The vector z is called the vect(yr cross 
product of X and y in the order named. 

The fundamental theorem 

(x + y) X z = (x X z) + (y X z) 
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may be established in a number of ways. We consider a 
proof which depends upon the notion of projected areas. 

If a positive sense of the normal to a plane has been 
chosen, the plane is said to be oriented. Let C be a closed 
oriented curve bounding a simply connected region R in an 
oriented plane. The area of the region R is said to be 
positive or negative (relatively to the oriented plane) 
according as the vector representation of the plane area 
R has the same or opposite direction as the normal to the 
plane. 

Let A' be the orthogonal projection on an oriented plane 
tt' of a plane area A in an oriented plane tt. The angle d 



between two oriented planes is defined as the angle between 
their (positive) normals. We have 

(area A') = (area A) cos B. 

If n' is the unit normal vector of tt' and a is the vector 
representation of the plane area A, the above can be 
expressed by 

(area A') = a • n'. 

Consider now a region of space bounded by a closed sur- 
face S. Let d(T be an element of surface area of S. We 
denote the vector representation of this surface element by 
dd. This is then a vector whose length is equal to dcr, and 
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which we take as having the direction of the outward- 
pointing normal to the surface S, The integral over S, 



is a vector, since it is the limit of a sum of vectors. 

Let a be an arbitrary but fixed unit vector, and consider 



For simplicity we suppose that any line parallel to a which 
intersects the surface S will have exactly two points in 





Fig. 14 

common with S, or one point of tangency. Then to each 
point P of S there corresponds a unique point P' of S on 
the line through P parallel to a. The projection of da 
at P on a plane whose oriented normal is a, is simply the 
numerical value of 

a • dd or of a • dd', 

where the meaning of da' is clear from the figure. But 
these are of opposite signs and hence their sum is zero. 
Thus we have • 


a-£d6 = 0, 
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and since a is arbitrary, we conclude that 

//■> - 0- 

Now, given three linearly independent vectors x, y, 
and Zj let S be the closed surface formed by the faces of a 
prism, Fig. 15. 



Taking the outward-pointing normal, we have 

y X ^ = Sbcc'B'^^- 

(x + y)X2 = -/^^^,^A 

Clearly 

/* dd “f" f* cfd = 0 , 

JaBC ^ JA^B^C' 

But by the above theorem 

- 0 

and hence we have 

(x X z) + (y X z) - (x + y) X z = 0; 

that is, 

(x + y) X ^ = (x X z) + (y X z), 

which is the theorem we wished to establish. The reader 
will have no difficulty in proving this result for the case of 
coplanar vectors. 
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8.2 Linear operators. 

Reference: Burali-Forti and Marcolongo (4), p. 16 ff. 

Let L be an operator which operates on pairs of quantities 
to 3ueld a quantity. It is said to be a linear operator if the 
following foTur properties hold: 

(1) L(x + 2, 3/) = L(x, y) + Liz, y); 

(2) Lix,y + z) = Lix, y) +L(x, z ) ; 

(3) L(\x, y) = XL (a:, 2/), X an arbitrary constant; 

(4) L{x, \y) = XL(a:, 2/), X an arbitrary constant. 

Suppose X and y are the vectors 

X = xiCi + XiCi + y = Vi^i + ^2^2 + 

Then 

L (Xf y) = L (xi^i + X2^2 + xzCz, yiCi + 2/2^2 + yzCz) 

= xiyiL (ei, ei) + xiyzL (ei, C2) + xzyiL (^2, ei) 

+ * * • + xzyzL(ez, ez). 

Hence we shall have the meaning of any linear operator L 
operating on pairs of vectors x, y when we know its meaning 
when operating on the various pairs of base vectors. 

Consider now x X y. Obviously from properties given 
in §8.1 the cross is a linear operator which, operating on 
a pair of vectors, yields a vector. We have 

Ca X ~ 0^ Ca X X 

Hence 

X X y = (xi 2/2 - X2yi)(ei X €2) + (xzyz - xzy^icz X ez) 

+ {xzyi - xiyz){ez X ei), 

which may be written in the form of a determinant, 



Xi 

yi 

(«! X ez) 

xXy = 

Xz 

y 2 

(ca X ei) 


Xz 

yi 

(«! X ei) 


Exercises 

8.1. If eiy Bzy ez constitute a basis for a linear vector space, 
then the vectors ez X ez, ez X ei, ei X ez form a basis for the 
same space. 
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8.2. Show that (x + y) X (2 + u>) ^ (x X z) + {x X w) + 
(y Xz) + (y X w). 

8.3. A necessary and sufficient condition that two vectors be 
linearly dependent is that their vector cross product be the zero- 
vector. 

8.4. Obtain an equation of the line which passes through a 
point A whose position vector is a, and which is perpendicular to 
two linearly independent vectors b and c. 

8.6. Verify the following properties of the base vectors i,y, k 
constituting a right-handed unitary orthogonal system: 

i*i=j>j = k»k — 1 
i>j=j>k = k>i = 0 
iXi=^jXj = kXk = 0 
I X 7 7 X /e = I, ft X I = y. 

8.6. If X and y are expressed in terms of an i, j\ k system, 

xi yi i 

X Xy = X 2 Vi 3 * 

Xz yz ft 

8.7. Forming the scalar product of two vectors is a linear 
operation, which, performed on two vectors, yields a scalar. 

8.8. Differentiation and integration of scalar functions are 
linear operations. 

§9. Products Involving More Than Two Vectors 

In this section we develop some of the more important 
formulas involving scalar and vector products arising from 
combinations of three or more vectors. 

9.1 The scalar triple product z • X y). 

Consider z • (x X y), where x, y, z are any three vectors. 
Since x X y is orthogonal to x and to y, and since the 
scalar product is symmetric, 

z- (x Xy) = {xXy)- z 
X’ {x xy) = y - {xXy) =0 
(X 2 ) • (x X y) = X( 2 * (x X y)l. 

Supposing that the three vectors are linearly independent, 
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let us consider the parallelepiped whose edges are jc, y, 
and z (Fig. 16) 





Then x X y is a, vector which is perpendicular to a face 
of the parallelepiped whose sides are x and and whose 
length is equal to the area of the face. The scalar product 
z • (x X y) is the product of the length of x X y and the 
orthogonal projection of z upon it. But this orthogonal 
projection is simply the altitude of the parallelepiped with a 
face whose sides are x and y taken as the base of the 
parallelepiped. That is, z • {x X y) is a scalar whose 
numerical value is the volume of the parallelepiped whose 
edges are jc, y, and z. By taking different faces in turn 
as the base of the parallelepiped, we compute its volume in 
three ways, the results being 

Volume = 2 • (x X y) = x • (y X 2) = y • (2 X x). 

Since y X x = — (x X y), we also have 

Volume = —2 • (y X x) = — x • (2 X y) ■= — y • (x X 2). 

Because of this important interpretation we shall call the 
scalar 2 • (x X y) the ^‘box product,^* and we denote it by 
the symbol [xyz]. In this notation we have 

[xyz] « [y2x] = [2xy] = -[xyx] = ~[x2y] = ~[yx2]. 
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That is, a cyclic permutation on the letters x, y, and z leaves 
the value of the box product unchanged; any other per- 
mutation merely changes the algebraic sign of the box 
product. 

Let Xf and z be expressed in terms of a basis 


X = xiCi + + 0:3^3 


Then 


y = y\ei H- + 2/3^3 

Z = 21^1 + 22^2 + 28^3. 


[zxy] = {ziei 4 - 22^2 + 23^3) * 


Xi 

Xi 


1^8 


yi 

2/2 

2/3 


(e2 X es) 
(e3 X ei) 
(ei X € 2 ) 



Xi 

yi 

Zi[eie2e3] 


Xi 

2/1 

0 

= 

X 2 

2/2 

0 

+ 

X2 

y2 

Z2[eie2ez] 


Xz 

2/8 

0 


Xz 

2/3 

0 


Since 

we may write 


Xi 

2/1 

X2 

2/2 

Xz 

2/3 


[xyz] = [zxy], 


[xyz] = 


Xi 

X2 


1^:3 


2/1 

2/2 

2/3 


Zi 

Z2 

Zz 


[^16263]. 


0 

0 

23 [^ 1 ^ 2 ^ 3 ] 


9.2 The vector triple product z X (x X y)* 

The vector which arises from the vector triple product 
z X {x X y), where x, y, and z are linearly independent, 
is a vector which is parallel to the plane determined by 
X and y. Hence we may write 


2 X (x X 2/) = Xx + )ul/> 


where X and y. are scalars to be determined. Operating on 
each side of this equation by z • , we have 


0 = Xz • X + • 2 /- 


Hence, X and /x may be written in the forms 


X = vz* y, /JL = — yz • X, 
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where i' is a scalar to be determined. We now have 

z X (x X y) = v{{z- y)x — {z • x)y]. 

If we operate on each side of this equation by JC • , it results 
that 


{2 X (x X y)} -x = v{iz-y){x-x) - (z-x)(y-x)}. 

This equation will give the value of v if we can evaluate the 
left member. We may write 

{z X (x X y) } • X = { (x X y) X x} • z = - {x X (x X y) 1 • z. 

Consider then x X (x X y), which is a vector in the plane of 
X and y, and which is perpendicular to x. The length of 



this vector, which we denote by r, is seen to be the numer- 
ical value of [xl^lylsin^, where 6 is the angle between 
X and y. The components of x X (x X y) on x and —y 
are t cot d and r esc 6y respectively, or lx|%|cosd and 
|x|2|y|. Hence 

* X (x X y) = (|x[%| cos e)|i - (l*l%l)]^ 

= (x • y)x - (x • x)y. 

When we make use of this result, it follows that the scalar v 
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in the above equation must have the value +1. We then 
have 

z X (x X If) = (z-!/)x - (z* x)y 
z • X z • y * 

a fundamental relation. 


9.3 The Lagrange identity. 

We now establish the important formula 


(x X y) • (x X y) 


X • X X • y 


frequently called the Lagrange identity. 
Set w = X X y\ then 


U X y) • (x X y) = (x X y) • w == {y X w) • X 
= {y X (xxy)! -x 


y-x 


X* X 

x-y 

y-x 

yy 


9.4 Reciprocal system of vectors. 

References: Wills (23), p. 39; Gibbs-Wilson (7), p. 81; 
Runge (17), p. 46; Lagally (13), p. 37. 


Let ei, ^ 2 , Cz form a basis. We now introduce three 
vectors e^, e* defined by 


(A) 


e« • = 


/O for a 7 *^ jS 
(1 for a — P 


The vectors e^, are thus perpendicular to the planes 
determined by ^ 2 , ^s; ^ 2 , respectively. Hence 


= a(e 2 X Ca), 


where a is as yet an undetermined scalar. But 
ei • el = 1 = aei • (e2 X es) = a[eie2ez]. 

Since ei, € 2 , €3 are linearly independent, [^1^2^81 0 (see 
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Exercise 9.2), and therefore 

= — i— . 

^ Ieie2e3] 

We thus have 

el = = fiAJLs e* = 

[eie2e3] [^1^2^31 [eie2^3] 

The vectors constitute a basis for the vector space 

under consideration. For, let 

Xic' + X2e2 + Xac* = 0. 

Operating on each side of this equation with ei * , we obtain 
Xi = 0. Similarly X 2 = 0 and X 3 = 0. Thus the vectors 
are linearly independent. 

Two sets of base vectors satisfying the conditions (A) 
are said to be reciprocal systems with respect to one another. 

Exercises 

9.1. From a consideration of (x X y) • (x X y), establish the 
Cauchy-Schwarz inequality. 

9.2. A necessary and sufficient condition that three vectors 
be linearly dependent is that their box product shall vanish. 

9.3. Given three linearly independent vectors a, 5, c, show 
that the unique solution of the system 

• a.X=a, = C-X=7, 

where a, /3, 7 are any three real numbers, is given by 

__ a(b X c) + Kc Xa) + yja X b) 

[abc] 

9.4. Establish the formulas 

{a X b) X {c X d) = [acd]b — [bed^a 
= [abd]c — [a6c]c/. 

For an interpretation of these formulas in connection with 
spherical trigonometry, see Gtbbs-W ilson (7), p. 77. 

9.6. If eij 62 , ez constitute a basis, and a vector x is expressed 
in the form 


X = ai^i + a2^2 + 
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Ixe2e3] ^ [eixej] _ [eie2x] 
[eie2ez]' [eie2es]' [eie2e3]' 


which may also be written 

ai = x> e\ a2 = X* e^y as = X - 

where e® form the reciprocal basis. 

9 . 6 . Let eiy 62, es and e®, e® be reciprocal systems. Estab- 
lish the following: 


(1) The reciprocal system of the reciprocal system is the 
original system; 

(2) [^162^3] = 1 ; 

( 3 ) The only self-reciprocal system of base vectors is an i, 7, k 
system. 

9.6 Covariant and contravariant vectors. 

Given a basis ei, €2, €3 for a linear vector space, we have 
seen that any vector x of the space can be expressed 
uniquely in the form 

X =*= 3:1^1 -f- ^2^2 H“ Xs^s- 

Also, the given base vectors determine uniquely the 
reciprocal system e\ e®, and these in turn constitute a 
basis for the same space. Hence the same vector x has a 
unique representation in the form 

X = xie^ + xse^ + xsa®. 

Usually these two representations will be different; that is, 
generally the coefficients Xi, X2, X3 will be different from 
Xif X2y X3, If a vector is expressed in terms of the base 
vectors ei, 62, ^3, it is called a contravariant vector; if a 
vector is expressed in terms of the reciprocal basis 
e®, it is called a covariant vector Notice that the terms 
CO variant” and '‘contravariant” applied to a vector do 
not characterize a vector but merely the way in which it is 
described. 
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It is evident that, when either description of a vector is 
given, the other description is completely determined. 
Actually the passage from one description to the other is 
not very complicated, as the following exercises will reveal. 
We see that the fundamental quadratic form or, more specif- 
ically, its coefficients, will necessarily enter into the change 
from one description of a vector to the other. For it is 
only by means of the quadratic form that we are able to 
introduce the reciprocal system as this system involves in 
its definition the notions of angle and length. So long 
as we had no metric available, we could consider vectors 
only in their contravariant description. 

Even though a vector may be described in two ways in a 
given frame of reference, its lengthy and the angle between 
two vectors, are numbers independent of the mode of descrip- 
ion. We continue to use the symbols x * x, and x * y for 
the square of the length of x, and the scalar product of 
X and y, respectively. However, the method of com- 
puting these numbers does depend upon the contravariant 
or covariant description of the vectors involved. 

Exercises 

9.7. Let Cl, ^2, €3 constitute a basis, and let be the coeffi- 
cients of the fundamental quadratic form (§6,1). 

(1) Let X be a vector having the contravariant description 
X = xiCi + X2e2 + xzCz and the covariant description x = Xie^ -h 
X2e^ + XsC®. Then 

xi = X • ei, X2 = X • e2, X 3 = x • es, 

and hence 

X\ = XiiXi + X12X2 + X13X8 
X2 = X21X1 -|- X22X2 + X23X3 
X3 = X31X1 + X32X2 + X33X3. 

(2) In particular, the covariant descriptions of the base vec- 
tors ei, 62, €3 are given by 

ei = Xiie^ + X2ie* •+■ X3ie* 

€2 = Xi2e^ + X22^* + X32e® 
ez » Xise^ + X28e* + Xsse*. 
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(3) Solving the last system of equations, obtain the contravar- 

iant descriptions of the vectors e® in the form 

+ X^^es 

= X2ie, + X22e2 + x^^es 
= X»iei + X*2g2 + X»3e3, 

where X^*' stands for the cofactor of in the determinant (X,,,,! 
divided by the determinant. 

(4) Show that 

e#* • e" = x^". 

(5) If y is the vector 

y = yiei + 2 / 2^2 4 * y^e^ = yie^ + y^e^^ + y^e^, 

the scalar product JC • y is given by 

^Xa 0 Xayfi where x and y are each contravariant ; 

^Xaya or 2Xa2/a whcrc one is covariant and the other is con- 
travariant ; 

XX^^Xay^ where each is covariant. 

(6) The box product [€ 16263 ] — 7, where g is the determinant 

\Xa 0 l 

(7) Obtain the covariant descriptions of the vectors x and y of 
Exercise 6.12 and verify (5) of this exercise. 

9.8. The covariant and contravariant descriptions of an 
arbitrary vector are the same, if and only if the basis is an i, j, 
k system. 


§10. Applications of the Algebra of Vectors 
10.1 Algebra of vectors. 

References: Dickson (30); Hardy (36); Kelland-Tait (39). 

The material of the preceding sections is spoken of as the 
‘'algebra of vectors.” However, the vectors do not con- 
stitute a division algebra (cf. Dickson (35), pp. 59-64), 
but the operations thus far considered are sufficiently 
algebraic in character to make the phrase "algebra of 
vectors” seem appropriate. Actually, the efforts of Hamil- 
ton and his co-workers to construct a genuine algebra of 
hypercomplex numbers resulted in the development of 



64 ALGEBRA OF VECTORS (Ch. I, §io 

quaiemions. The system of real quaternions comprises an 
algebra based on four units. 


10.2 Moment of a vector. 

References: Gibbs^Wilson (7), p. 92; Wills (23), p. 28; 
Jeans (37), p. 60. 


Let X be the position vector of a point P with respect to 

0, and let y represent a 
force acting at P. If 0 and 
P are points of a rigid body 
with 0 fixed, the force y 
tends to produce a rotation 
of the body about an axis 
through 0 which is perpen- 
dicular to the plane of the 
vectors x and y. In 
mechanics the moment of 
the force y about 0 is defined as the product of the length 
of X and the component of y which is perpendicular to x. 
Thus the moment is simply the area of the parallelogram 
whose sides are x and y. The vector 



Fig. 18 


z X Xy 

is called the moment vector of y with respect to the point 0. 
Clearly, so far as moment is concerned the result is the 
same if the force y acts not at P but at any point P' along 
its line of action. 


10.3 Couple. 

References: Jeans (37), p. 99; Love (42), p. 200. 

Let P, Q be points of a rigid body at which forces —y and 
y^ respectively, are acting. This system of forces is called 
a couple. The moment vector of the couple about P is 

given by PQ X y. Let 0 be any point and let a, 6 be the 
position vectors of P, Q, respectively, with reference to 0. 
Then the moment vector z of the couple about 0 is given by 
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z = -(a X y) + (6 X y) 

-- (b - a) Xy 

^PQXy. 

Thus the moment vector of a couple is the same with 
respect to every point. 


0 


Fig. 19 

10.4 Motion of a rigid body. 

References: Jeans (37), pp. 106-107; Wills (23), p. 34. 

Supposeforcesdenotedby the vectors /i,/ 2 , . . . ,/nact 
at points Pi, P 2 , . . . , Pn, respectively, of a rigid body. 
Let 0 be any given point of the rigid body, and denote the 
position vectors of Pi, P 2 , . . . , Pn from 0 by fli, 02 , ... , 
fln, respectively. We now make the following assumptions: 
(1) the effect of any number of forces acting at a point of a 
body is the same as that of their resultant acting at that 
point; (2) the effect of any number of couples acting on a 
rigid body is the same as that produced by a resultant 
couple, the moment vector of which is obtained by adding 
the individual moment vectors of the various couples 
(cf. Love (42), p. 21 and p. 203). 

With these hypotheses we now prove that the system of 
forces acting on a rigid body as above described is equiva- 
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lent to a single force acting at an arbitrarily assigned point 
in the body, combined with a couple. 

At a point 0 in the body let forces fi and — /i be intro- 
duced. There is then a force /i at 0 and the couple deter- 
mined by fi at Pi and — /i at 0. Let this procedure be 



followed for each of the forces / 2 , fz, * , fn- Thus we 

have a resultant force / at 0 given by 

/ =/i +/2 + • • • +/n 

and a couple whose moment vector g is given by 

9 = (fll X/l) + (fl 2 X/2) + • * * + (fln X/n). 

These relations hold for any point 0 in the rigid body. 
Let us now select 0, if possible, so that the vectors / and g 
will be parallel. Let 0' be such a point, and let its position 
vector with respect to 0 be x. Let the position vectors of 
Pi, P2, . . . , Pn with respect to 0' be o^, . . . , a^y 
respectively. Then 

a'l = Gi - X, aj = 02 - X, • • * , a; = 0n - x. 

Hence g\ the resultant moment vector, is given by 
g' = (01 - x) X /l + (02 - x) X /2 + • • * +( 0 « - x) X fny 
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g' ^g-(xxf). 

The object is to determine x, if possible, so that g' and / 
shall be parallel. This condition being imposed, x must 
satisfy the equation 


xXf = g - ijf, 

where is a scalar. We note that if x is a solution, then 
X = X + Xf, 


where X is an arbitrary scalar, is also a solution. Hence, 
if there is a solution, the point O' can be any point on a 
certain line which is parallel to /. This line is called the 
central axis of the system of forces. 

Since 


f.(xXf) =0 


we have 


that is, 


We now have 


f-g -m/-/ = 0 ; 



(we suppose / 9 ^ 0), 


xXf = g -pjh 


and the problem has been reduced to that of finding a 
particular solution x of this equation. Writing the right 
member in the form 


_L / 

S’Sg-S /•/’ 


we recognize it as the expansion of 

fxisxf) 

/•/ 

Hence a particular solution of the above equation is 


g Xf 
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We have thus determined the central axis of the system 
of forces; the resultant force / acts along this line, and the 
moment vector g' of the resultant couple is parallel to this 
line. Since any couple producing the moment vector g' 
consists of a pair of vectors in a plane perpendicular to 
g'j such a couple tends to produce a rotation about the 
central axis. Thus, any system of forces acting upon a 
rigid body is equivalent to a single force which tends to 
produce a translation along the central axis, and a couple 
which tends to produce a rotation about this axis. 


10.6 Angular velocity vector. 


Suppose a rigid body is rotating about a fixed axis I with 
a constant velocity of r radians per second. The rotation 
is completely described by a vector z, known as the angular 
velocity vector which has the prop- 
erties 

(1) z is parallel to the axis of 
rotation 1) 

(2) z has for its length the num- 
ber r; 

(3) z has as its positive direction 
that in which a right-handed screw 
would advance under the given 
rotation. 

The rotation about I imparts to 
each point P of the body a linear 
velocity which we denote by the 



vector y. Let 0 be any point on the axis Z, and let OP = x. 
Since P describes a circle with center Af , a point on the axis 
of rotation, the linear velocity vector y of P is perpendicular 
to MP and has as its length the value tAJP. If 0 is the 
angle between x and z, then 


• Cf. p. 84. 
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MP = |x| sin 9. 

But T is the length of z. Therefore, y — zX x\ that is, 

(linear velocity vector) = (angular velocity vector) X 

(position vector). 

10.6 Finite rotation about a line not a vector. 

This is perhaps a suitable time to point out that some- 
thing more is required of a vector quantity than merely 
that it is a quantity which can be described by a directed 
line segment. Consider a finite rotation of a rigid body 
about a fixed axis. This can obviously be unambiguously 
described by a directed line segment taken along the axis 
of rotation with proper sense of direction and a length 
which measures the angle of rotation. These directed 
line segments, however, do not satisfy the commutative 
law of addition, and hence are not vectors. A particular 
case will suffice to show this. 

Let ei and be two non-orthogonal unit vectors which 
are linearly independent and have an initial point 0 in 

C' 
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common. Let A be a point in the plane determined by 
ei, 62 . Consider a rotation of A through an angle tt 
about 62 followed by an equal rotation about 6 i. These 
rotations in this order displace A into a point C; if the 
rotations are carried out in the other order, A is displaced 
into a point C' different from (7. Thus a finite rotation 
about a line is not a vector quantity. For a discussion of 
orthogonal line reflections, reference may be made to 
V eblen-Y oung (51), II. 

Care is needed in the application of any mathematical 
subject to particular instances. An application usually 
involves assumptions additional to those made in the 
mathematics. For instance, in the abstract development 
of the algebra of vectors a parallel displacement was with- 
out significance, but this is clearly not the case when we 
consider forces acting upon a rigid body where the points 
at which the forces act play an essential part. 

The subject of Graphical Statics may be regarded largely 
as an instance of the algebra of vectors. CaratModory (29), 
Chapter VI, makes use of vectors in the development of 
determinants, and in problems of intersection of linear 
spaces. Schreier-Sperner (49), II, make extensive use 
of the vector analysis of an (n + 1 ) -affine space in their 
treatment of the projective geometry of an n-space. 

Exercises 

10.1. Let 1, i, j, k be symbols having the following multiplica- 
tion table: 

/ 

Then an expression of the form 

q = h + od + + yky 

where the coefficients 5, a, /3, y are real numbers is called a real 
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quaiemion. We write 

Sq+ Vq, 

where 

iSg = 5 is called the scalar part’’ of the quaternion; 

Vq = ai + iSj + yk is called the vector part” of the quaternion. 

The sum and product of two quaternions 

= 5i + oLii + pij + yJc 
52 = ^2 + a2i + P2j + 72^ 

arc formed as the sum and product of two linear polynomials in 
algebra, and in the case of a product the result is reduced by 
means of the above multiplication table. 

(1) Show that the sum and product of any two quaternions is a 
quaternion. 

(2) Obtain the product qiq 2 and show that it is not in general 
equal to q 2 qi. 

(3) A vector may be regarded as a quaternion whose scalar 
part is zero. Let 

fli = aii + 0ij + yJc 
02 = a2i + P2j + 72 ^ 

be two given vectors. Regarding these vectors as quaternions, 
obtain their product and show that 

S (O1O2) “ S (02fli) = — Oi • O2 
V (0102) = — F (0201) == Oi X 02. 

(4) If q is the quaternion 

q ^ Sq + Vq, 

the conjugate of q, which we denote by g, is defined by 
q = Sq — Vq. 

Prove the following: 

(а) Forming the conjugate of a quaternion is a linear operation 
of period 2. 

(б) Negation, reciprocation, and conjugation applied to 
quaternions are commutative processes. 

(c) i^= i(,q + q), Vq =i(,q - q). 

(d) qiqt = Ml- 

(e) qq = qq. 
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(5) The product qq is called the norm of q^ which we denote by 
Nq, Prove the following: 

(a) Nq == Nq. 

(h) Nq is a non-negative scalar. 

(c) JVg == 0 is a necessary and sufficient condition that the real 
quaternion q be the zero quaternion, that is, the quaternion all of 
whose coefficients are zero. 

(6) Prove 

s iqiqi) = i (gi?j + Mi) 

V iqiqt) — i (qiqi ~ wi)- 

(7) Solve the equation 

QQi = Qif 

where 

= 3 + ; 4- k. 

^2 = 2 — i j -h k. 

10.2. Show that a system of forces represented in magnitude, 
direction, and position by the sides of a plane polygon all directed 
clockwise (or anticlockwise) is equivalent to a couple whose 
moment is equal to twice the area of the polygon. 

10.3. Show that any system of forces acting on a rigid body 
can be reduced to two equal forces equally inclined to the central 
axis. 

10.4. Obtain the equation of the lino which passes through a 
given point and which intersects two given lines. 

10.6. Obtain the shortest distance between two given lines. 

10.6. Let a and b be unit vectors in the f, j plane making 
angles a, /S, respectively, with the vector f. By considering 
a • b and a X b, deduce the trigonometric formulas for cos 
(a — J3) and sin (a — ^). 

10.7. Show that 

X • a X • b X • c 

[xyx][abc] = y • a y • b y • c . 

z-a z*b z-c 

Note that this may be considered as a theorem in the multiplica- 
tion of determinants. 

J.0.8. Show that 

X X (y X x) + y X (z X x) + X X (x X y) =0. 
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10.9. The bisectors of the interior angles of a triangle meet in 
a point. 

10 .10. Explain why a sphere rolling down an inclined plane 
does not contradict the theorem deduced in §10.4. 

10.11. Let points Pi, P 2 , . . . , P» be endowed with numbers 
(or masses) Xi, X 2 , . . . , X„, respectively, where X,- are real num- 
bers whose sum is not zero. Let Q be any point in space: 

(1) The resultant of the forces XiQPi, X 2 QP 2 , . . . , Xn0P«, 

applied at Q, passes through a fixed point C and is equal to XQC, 
where X denotes the sum Xi + X 2 + * • * + Xn. 

(2) The position vector of the point C is 

(3) In the case of three points, the line PiC divides the line 

segment P 2 P 3 in the ratio X 8 :X 2 . 

(4) Consider (1) and (2) where Xi is replaced by Xi/fc, h being 

the length of the vector QPi, and let Q recede indefinitely along 
any straight line. Thus obtain by a limiting process the usual 
theorem concerning the center of gravity of n point masses sub- 
ject to parallel forces which are proportional to their masses. 



CHAPTER II 

Differential Calculus of Vectors 


§11. Vector Function of a Scalar 
jReferences: Gihhs-Wihon (7), Chapter III; Juvet (11), 
pp. 33-35; Phillips (15), pp. 30-32. 

11.1 Variable vector as function of a scalar. 

We now consider a variable vector x which depends upon 
a scalar variable L The vector x (t) is said to be s. function 
of the real scalar variable t on the interval ti g ^ ^< 2 , if 
to each value of t on the interval there corresponds the 
unique vector x{t). An instance would be the position 
vector of a moving particle regarded as a function of the 
time, or the velocity vector of such a particle. 

11.2 Limit of a vector. 

Given x{t) defined on [^i, < 2 ], where we write [<i, for 
the interval h ^ t ^ < 2 , let us consider what we shall mean 
by the ^Timit of x{t) as t approaches where U is a value 
on the interval. We write 

a — lim X (0, 

t — H9 

and by this we mean: that, given any positive number e, 
there exists a positive number rj (which may depend upon 
€ and to), such that for all t on [tj, ^ 2 ] satisfying the inequality 
0 < 1^ — ^o| < rjy it is true that |a — jc(0| < e. Geo- 
metrically this means that, if the vectors are laid off from 
a point 0 as initial point, the end points P of the vectors 

OP = X (t) will be within a sphere of radius € and center at 
the end point of a for all t satisfying the inequality 
0 < |< — <o| < V- If X (t) and are such that there is no 
constant vector a satisfying these conditions, then the 
limit of X (t) as t approaches fails to exist. 

64 
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The vector function x (t) is said to be a continuous function 
of ty for t - to a the following three conditions hold: 

(1) x{t) is defined for t = to; 

(2) lim x{t) exists as t approaches U; 

(3) lim x {t) = x{to). 

t-*to 


If one or more of the second and third conditions fail to 
hold at a point, that is, for a value of ty the function x (t) 
is said to be discontinuous at that point. The function 
X (0 is said to be a continuous function of t on the interval 
[^ 1 , < 2 ] if it is continuous at each point of the interval. 


11.3 Differentiation of a vector. 

Given x{t)y then x(t + At) — x(0, where At denotes an 
increment in ty is of course a vector. If 
x(t + At) — X jt) 


lim 

A<~»0 


At 


exists, it is called the derivative of x{t) with respect to t. 
We denote this derived vector by the notation dx/dt or 
X (t). Similarly we designate dx {t)/dt by X (0* 

Let 0; Ciy e^y constitute an affine coordinate system 
and let the vectors x it) be laid off from the origin as the 
initial point. Let x{t) be expressed in terms of the base 
vectors 

xif) = xi{t)ei + X2{t)e2 + xz{t)ei. 

Then 

X (i + A/) = Xi (^ + At)ei + a :2 (/ + At)ei + Xs 0 + At)ez, 
Hence 


dt 


= lim 

A<-+0 


X (/ 4- AO — X if) 
At 


ixi it + At) - Xi ( 0 ^ , X2it + At) - X2 ( 0 ^ 

= lim< T7 ei H €2 




At 


At 

Xzit 4 - At) - Xsit)^ \ 
M 




-L 


that is, 
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It is important to recognize that this result is obtained 
on the assumption that the base vectors Ci, e?, ez are con- 
stant. This would not be the case were a curvilinear 
coordinate system employed, such as the polar coordinate 
system in the plane. 

Exercises 

11.1. The postage on first-class mail is a function of the 
weight; let it be p (w), where the weight is in ounces. Show that 
the function p(w) is discontinuous for positive integral values 
of w, 

11.2. If x(t) = Xi(i)ei + X2(t)e2 + Xz{t)ez for t on [^i, < 2 ], a 
necessary and sufficient condition that x {t) be continuous on the 
interval is that the scalar functions Xi (0, xz (t), and xs it) be con- 
tinuous on the interval. 

11.3. If X, y, and z are vector functions of tj establish the 
following rules of differentiation: 

(I) 5(«±»)-|±f 

W5(«x,)-§X!r + .x§ 

+ ['!'] + [«■§} 

Note that (5) gives a rule for differentiating a determinant. 

11.4. If the derivative x{f) exists, x{t) is necessarily con- 
tinuous. 

§12. Geometry of Space Curves 

References: Blaschke (26), Chapter I; Juvet (11), Chapter 
II; Wills (23), pp. 56-62. 

12.1 Vector equation of a curve. 

Let x(0, ^ i ^ ^2 be a continuous vector function of 

t possessing as many derivatives as may be needed in the 
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discussion. Let 0 be a fixed point. Then the end points 

P of the vectors OP = x(t) constitute a one-dimensional 
set of points which is called a curve. 

As an illustration of the differential calculus of vectors, 
we shall consider an introduction to the differential geom- 
etry of space curves. This is not as specialized as it may 
perhaps seem at first. For, no matter what the interpreta- 
tion of the vector function x (t) is in a given case, there is 
associated a curve C, unique except for its position in space, 
and any geometric property of the curve has significance 
with respect to the given problem. 



Let C (Fig. 23) be the curve defined by 

C: jc = x(0, ^ ti. 

We suppose that, as t increases continuously on the range 
[tu t' 2 ], the corresponding point P moves continuously 
along C in a certain direction. We assign this as the 
positive direction along C. 

12.2 Tangent to a curve. 

Definition: Let P be a fixed point on C and let Q be a 
variable point on C (Fig. 23). The line through P and Q 
is called a secant line. If the line PQ approaches a limiting 
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position as Q approaches P, this limit line is called the 
tangent to the curve C at the point P. 

Let P correspond to t and Q to ^ Then 

OP = x(0, OQ^ x{t + M) 

and 

PQ = jc(< + AO — x(t). 


Also, PQ/At is a vector parallel to PQ. Hence the tangent 
line at P is parallel to 


At-*0 At 


dx(t) 

dt 


or X (t) . 


The vector x (t) is called the tangent vector to the curve C at 
the point P. We shall assume throughout that the vector 
X (t) 7^ 0. 

The equation of the tangent line is 


y = JC + Xic, 

where X is a variable scalar and x and x are constant vec- 
tors since these are the vectors x {t) and x (t) evaluated at 
the point P. 


12.3 Osculating plane of a curve. 

Given a curve C, let P, Q, R be three distinct points on 
C (Fig. 24). If the plane containing the points P, Q, R 
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approaches a limiting position as Q and R approach P, 
this limiting plane is called the osculating plane of the curve 
C at the point P. 

Let the equation of C be 

x = x(t) 

and let P, Q, R correspond to the values I, < + X, < + /a, 
respectively. Then the osculating plane is determined as 
the limiting position of the plane through P containing 
the vectors v and iff, or v and w*, where these vectors are 
defined as follows: 

x(l + X) - x{t) 

X 

^ ^ x(t + /t) - x(0 
2(a;-ff) 

We recall that if a scalar function / (f) has suitable prop- 
erties, it can be expanded as a Taylor Series with a remain- 
der term; thus 

/(a -b 0 = / (fit) + /' (fit)< + 

where the remainder term R is such that 

lim ? = 0. 

<-»o 
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Hence 


where 


w* 


2(w - 1 ;) 
A* — X 


= JC(0 + r,, 



For any position of the points Q, R we may write /x = a\ 
where a 0; also a 5*^ 1, since the points Q, R are distinct. 
We restrict a to the range 0<QJi^a^a2<l. This 
means that X, /x, and fx — \ are infinitesimals of the same 
order. By an infinitesimal is meant a variable which 
approaches zero as a limit. Two infinitesimals are said to 
be of the same order if their quotient approaches a (finite) 
number different from zero as a limit. Here 



and by the conditions imposed on a it follows that X, /x, 
and M — X are infinitesimals of the same order. Now, since 
the limits of fi/X^ and are each zero, it follows that 
the limit of is zero. 

Thus, in the limit 

V = x(t) and w* — x (0, 

and the osculating plane is determined by these vectors 
provided they are linearly independent, which we assume 
to be the case. The position vector y of any point in the 
osculating plane is given by 

y == X + (TiX + ffiXy 

where ci, are variable scalars and x, i, X are evaluated 
at the point P at which the osculating plane is taken. 

Exercises 

12.1. Show that the curve C defined by 


OP = x(0 = xi{t)ei + x<i{t)et + xz(f)ei 
is a straight line if Zi (0, Xz (0> ^8 (0 are linear functions of t. 
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12.2. The curve which has as its equation 

X = a cos ti + a sin tj + 

with Of, P positive constants, is called a right circular helix. 
Obtain the equation of the tangent line at an arbitrary point on 
the curve and show that the curve meets at a constant angle the 
generators of the cylinder on which it lies. 

12.3. The curve whose equation is 

X = tCi + t^e2 + 

is called a twisted cubic. Obtain the equation of the tangent line 
at the point (2, 4, 8). 

12.4. Show that the equation of the osculating plane can be 
written in the form of the box product 

[y - X, i, x] = 0. 

12.6. Obtain the equation of the osculating plane of the right 
circular helix at an arbitrary point on it 

12.6. Obtain the equation of the osculating plane of the 
twisted cubic at the point (2, 4, 8). 

12.7. A necessary and sufficient condition that a curve be a 
straight line is that x and x be linearly dependent at an arbitrary 
point of the curve. 

12.8. Show that the tangent and osculating plane of a curve 
at a point are invariant with respect to transformations on the 
parameter f = ^(t), where dt/dr 0. 

12.4 Arc length of a curve. 

References: Blaschke (26), p. 12; Goursat (34), p. 161. 

The distance between two near-by points on a curve 
corresponding to t and t + At measured along the straight 
line (chord) is given by 


AC = VAx • Ax 
M At At 


The arc length s of a curve joining two points A, S is defined 
to be the limit of the sum of the lengths of the sides of an 
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inscribed polygon as each side tends to zero. That is, 

N 

8 = lim as each AU approaches zero. 

At* 

But the limit of this sum is the definite integral 


where x (<i) = OA and x (< 2 ) = OB. 

The arc length from a fixed point A to a variable point 

P along a curve, where x (t) = OP, is then given by 
s(t) = ^y/x-xdt. 

By the Fundamental Theorem of the integral calculus, 

ds r . — r 

di "" 

If^ i • i ^ 1, then s = < — and t is the arc length of the 
curve measured from a fixed point. Conversely, if t is arc 
length, then ds/dt 4 1, and i • i L 1. Hence a necessary 
and sufficient condition that x {t) shall be a curve referred to its 
arc length as independent variable {or parameter) is that 
dx/dt shall be a unit vector at an arbitrary point of the curve. 
We shall denote arc length as parameter by s and indicate 
derivatives with respect to s by primes, x' = dx/ds, 
x" = d^x/ds^, • • • . 

From a practical standpoint two serious difficulties may 
be encountered in actually obtaining the equation of a curve 
in terms of its arc length as parameter. In the first place 
it may be impracticable to perform the indicated integra- 
tion. If this is possible, it gives s explicitly in terms of <, 
say, 8 == <p{t). The second difficulty is likely to be that of 
solving this equation for t in terms of s. However, exist- 

^ The notation ^ indicates an equality holding identically in t; that is, 
for every choice of £ in the interval under consideration. 
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ence theorems (cf. Goursat (34), p. 35) assure us that such a 
transformation from t to s exists. For theoretical con- 
siderations the use of arc length as parameter often leads to 
greatly simplified expressions in connection with space 
curves. 

Exercises 

12.9. Obtain the arc length of the right circular helix from 
t — 0 to t, and deduce the equation of the curve in terms of arc 
length as parameter. 

12.10. If the twisted cubic is given in terms of an i, k 
system, 

X - ti + ty + 

what difficulty do you meet in attempting to express the equation 
of the curve in terms of its arc length? 

12.11. Consider the same problem as 12.10 for the curve 
whose equation is 

X = e<j + 2\/6(« - 2)e^V + <**, 
e being the base of natural logarithms. 

12.12. If s is arc length of a curve, a necessary and sufficient 
condition that s* also serve as arc length is that 

s* = ±s + X, 

where X is an arbitrary constant. 

12.5 Curvature of a curve. 

Descriptively speaking, the curvature of a curve at a 
point is a measure of the rate of departure (with respect to 
arc length) of the curve from its tangent line at that point. 
Let AS be the angle (in radian measure) between two 
near-by tangents corresponding to s and 5 + As, where the 
curve is expressed in terms of its arc length s: 

C: x = x(s). 

The curvature 1/p of C at the point P, where P corresponds 
to the value s, is defined by 

1 AO de 

- = hm T~ = T"' 
p as-k)As ds 
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We observe that the curvature is a scalar quantity. To 
arrive at an analytical expression for it, it is convenient to 
introduce the spherical indicatrix of the tangents. Let the 
unit tangent vectors of the curve C be laid off from a fixed 
point. The end points of these vectors then form a curve 
which lies on a sphere of radius 1, and which is called the 
spherical indicatrix of the tangents of C. Suppose C is not a 
straight line, and consider a neighborhood of the curve at 
P such that no two tangents of C are parallel. Then the 
spherical indicatrix of this portion of C will be a non-closed 
curve whose points are in a one-to-one reciprocal corre- 
spondence with the points of C. Let P and Q on C at arc 
distance As apart have as correspondents Pi and Qi, 
respectively, on the spherical indicatrix. Let Asi denote 
the length of arc of the spherical indicatrix from Pi to Qi, 
Let ACi be the arc length of the great circle between Pi 
and Qi. We assume that 


But 

Hence 


that is, 


r 1 

lim - — = 1. 

ASi-*0 


ACi = AS. 


1 

P 


A9 

= hm — 


= lim 

AS-+0 


ACi 

As 


ACi Asi 

lim 

as->oAsi As 


1 = 
p ds 


But the position vector of points on the spherical indicatrix 
is simply x'. Hence 


and therefore 


1 

p 


(dsi)® = dx' • cfx'. 



ds 


Vx" • x". 


The vector x" is called the curvature vector; its length is 
the curvature of the curve. Since 
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we have by differentiation 

jc' • x" 4 0. 

That is, the curvature vector is a vector which lies in the 
osculating plane and which is perpendicular to the tangent 
vector. 


12.6 Principal normal and torsion. 

A line passing through a point of a curve C, and per- 
pendicular to the tangent at that point, is called a normal 
to the curve. That normal to a curve which lies in the 
osculating plane is called the principal normal. The 
normal which is perpendicular to the osculating plane is 
called the hinormal of the curve. 

We now set up at each point of a curve a system of three 
unitary orthogonal vectors ?i, ^2, ^s, defined as follows: 

= unit tangent vector 
^2 = unit principal normal vector 
?3 = 5 i X ^2 = unit binormal vector. 

Descriptively speaking, the torsion of a curve is a 
measure of the rate of departure of a curve from its oscu- 
lating plane. Let A(p denote the angle between two near-by 
binormals at points on the curve corresponding to s and 
s + As. The torsion 1 /r is defined by 


1 

r 


= lim 

A »-+0 


A<p 

As 


Introducing the spherical indicatrix of the binormals, one 
obtains 


1 = 

r \ ds ds 




12.7 The Frenet formulas. 

The set of vectors ^1, ^2, constitute a basis for the 
vector space. Since = x' and ^2 = px", it follows that 




p 
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We now similarly express the vectors g and in terms of 
the vectors 5i, ^2, Let, then, 

+ Ki + 7 ? 8 , 

where a, jS, 7 are now to be determined. Since 

4 1 , 

we have by differentiation Cs * 6 i 0. Operate on the 
above equation by .^3 • ?3* Then 

0 = 6*?i=«0 + i80 + 7-l, 

whence 7 = 0. From the identity i 0 we have by 
differentiation 

• 58 + ^ 0 

or 

- • ?8 + = 0; that is, ?, • = 0. 

P 

Hence in the above a = 0, and we have 

5i = i852. 

Forming the scalar product of each side of this equation 
gives 

• 55 = i8^52 • 52; 

that is, 1/r* = whence 13 = ± 1/r. We select the sign 
so that 



From the relation X one can now obtain 

Thus we have the relations 



known as the Frenet formulas (1847). These formulas are 
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fundamental in the differential geometry theory of space 
curves. 


Exercises 

12.13. A necessary and sufficient condition that a curve be a 
straight line is that its curvature be zero at every point. 

12.14. A necessary and sufficient condition that a curve, not 
straight, be a plane curve is that its torsion vanish identically. 

12.16. Verify the Frenet formulas for the right circular 
helix. Observe that the curvature and torsion are each constant 
for this curve. 

12.16. Investigate the spherical indicatrices of the tangent, 
normal, and binormal of the right circular helix. 

12.17* By means of the Frenet formulas, or otherwise, show 
that 

1 _ [x'x"x"'] 
r x" • x" ' 

12.18. In terms of a general parameter f, show that 

1 _ (x X x) • (x X x) 

1 _ [xx’x] 

T (x X x) • (x X x)’ 

12.19. If all the osculating planes of a curve pass through a 
fixed point, the curve is plane. 

12.20. If X and x + Ax are position vectors of two neighbor- 

ing points corresponding to s and « + As on a space curve; that is, 
1/p 9 ^ 0, 1/r 0, show that 

(1) • Ax is an infinitesimal of the same order as As. 

(2) ^2 • Ax is an infinitesimal of the second order with respect 
to As. 

(3) ts • Ax is an infinitesimal of the third order with respect to 
As. 

12.21. If the equation of a curve is 

X = Xi(t)ei + Xi{t)e% + xz{t)ezf 

where Xi (0, xz (f), and x* {t) are quadratic functions of <, the curve 
is plane. 
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§13. Motion of a Particle 
13.1 Velocity and acceleration vectors. 

References: Blaschke (26), pp. 28-30; Webster (52) pp. 
9-17. 

A curve may be regarded as the path of a moving 
particle whose position is known as a function of the time. 
The arc length s of the particle measured from some initial 
point is likewise a function of the time t. We take t as the 
independent variable. Then 

dt ds dt dr^^ 

that is, the velocity vector dx/dt has the same direction as the 
tangent vector; its length is ds/dL The scalar ds/dt is 
called the speed of the particle. 

The vector which gives the rate of change of the velocity 
vector with respect to the time is called the acceleration 
vector. It is given by 

dP ~ds'\dtj dsdt^' 

which is a vector in the osculating plane of the curve 
traversed by the moving particle. By the Frenet formulas, 

(-Y 

_ \^r 4 - 

which is the resolution of the acceleration vector along the 
tangent and principal normal of the curve. The coefficient 
of ^ 1 , viz., dHjdt^ is called the tangential acceleration of the 
particle. The velocity is wholly a tangential velocity, 
whereas part of the acceleration is used to effect the curva- 
ture of the path. We observe that the normal component 
of the acceleration is zero if and only if the path is a straight 
line. If the motion of a particle along any path has a 
uniform speed; that is, if ds/dt = constant, then the 
tangential acceleration is zero, and conversely. 



Ch. II, §13] DIFFERENTIAL CALCULUS OF VECTORS 79 

13.2 Axis of rotation of a rigid body. 

If a rigid body rotating about an axis turns through an 
angle A(p in the time At, the limit of A(p/At as At approaches 
zero, viz., d<pldt, is called the angular speed of rotation. 
The angular velocity vector can be introduced just as in 
§10.6.^ If P is an arbitrary point of the rigid body whose 
position vector with respect to a point on the axis of rota- 
tion is X, we have 


dt 


r X X, 


where r is the angular velocity vector. 

The system of vectors ^i, ^2, ^3 defined in §12.6 which are 
associated with each point of a curve is called the local 
trihedral. Since the lengths of these vectors and the angles 
between them remain constant, the local trihedral may be 
regarded as a moving rigid body. Let us determine its 
angular velocity vector. In order to consider the rotation 
properties of the local trihedral, let it be set up at a fixed 
point. Since the relation dx/dt = r X x holds for an arbi- 
trary point P of the rigid body, it holds in particular for the 
end points of the vectors ^i, ^2, Hence 


dt ^ 




= r X 




dt '' dt 

Let r be expressed in the form 
r = a'?i -f 

By means of the Frenet formulas. 


= r X (3. 


dii __ dii ds ds ^2 ^ 


Hence 


* A detailed discussion of the angular velocity vector is given later; see 
p. 84. 



80 DIFFERENTIAL CALCULUS OF VEC5TORS |Ch. II. §13 


S imil arly one deals with the other equations, 
result is 


r 


mh 4 - 




The 


a vector in the plane of the tangent and binormal. If the 
torsion is zero, the rotation is about the binormal, the rate 
of rotation being directly proportional to the curvature and 
the speed at which the trihedral is being propagated along 
the curve. This formula shows clearly that the curvature 
is a measure of the rate of rotation of the trihedral about 
the binormal and that the torsion measures its rate of 
rotation about the tangent line. 


Exercises 

13.1. If X • cfx = 0, show that |x| is constant. If x X dx = 0, 
show that X remains parallel to itself. If x • (dx X d^x) = 0, 
show that X X dx has a fixed direction, and that x is parallel to a 
fixed plane. (Assume x depends upon a single scalar variable.) 

13.2. Show that the orbit of a particle subject only to a cen- 
tral force is a plane curve. Deduce Kepler^s first law of motion; 
viz., that the radius vector of the particle, with respect to the 
position of the central force as origin, sweeps over equal areas in 
equal times. 

13.3. The product of the mass of a particle and its velocity 
vector is called its linear momentum vector; the moment of the 
linear momentum vector with respect to a point is called the 
angular momentum vector. If a particle is acted on only by a cen- 
tral force, show that its angular momentum vector with respect 
to the origin of the central force is a constant vector. 

13.4. If a particle is subject only to a central force, the magni- 
tude of its velocity vector is the same at all points equally dis- 
tant from the origin of the central force; that is, the speed of the 
particle is a function only of x • x and the initial conditions. 


13.3 Moving cofirdinate system. 

References: Wills (23), pp. 53-56; Ames-Murnaghan (24), 
pp. 8S-102; Eisenhart (32), p. 30^.; Haas (9), pp, 23-35. 
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Thus far in our study of a moving point, or of variable 
vectors, we have supposed the objects referred to a fixed 
coordinate system determined by a point 0 and a system of 
constant (or fixed) base vectors. However, in the analysis 
of the motion of a particle the employment of a moving 
coordinate system is frequently a powerful device. 

Let the point 0 and constant base vectors 5 i, €2, ez deter- 
mine a fixed coordinate system, and let the coordinates of a 
point with respect to this system be denoted by (2/1, 1/2, yz)* 
Let there also be given at each point of the space under 
consideration a “locaU’ system of base vectors, say ei, €2, 
Cz- Since these vectors may vary from point to point, 
they must be regarded as functions of the coordinates 
2/1, 2/2, 2/3. Thus 

ei = a (2/1, 2/2, yi)ei + p (2/1, yz, yz)e2 + y (yi, 2/2, yi)ez, 
and similarly for the vectors C2 and es. Let the origin 0 of 



Fig. St5. 
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the moving coordinate system determined by 0 ; ei, €2, ez 
traverse a curve C whose equation with respect to the 
fixed coordinate system is 

OO = 2 = 2/1 ( 0^1 + 2/2 ( 0^2 + 3/3 ( 0 ^ 8 . 

Then along the curve C the coordinates of a point are 
known as functions of a single vaarible L Hence the local 
system of base vectors at points of C are known as functions 
of tf which are given by substituting in the coefficients 
a, jS, etc., the 2/1, 2/2, and 2/3 in terms of L 

Consider now a moving point P whose position vector 
with respect to the fixed system is y (i), and with respect to 
the moving system is x (t). If z (t) is the position vector of 
0 with respect to the fixed system, we have 

y{t) = 2(0 + x{t). 

Differentiating with respect to t, we have 

dy{t) ^ dzif) dx (0 
dt dt dt ' 

In this we keep in mind that the vectors y (t) and 2 (t) are 
variable only because of their variable coefficients, but 
that X (0 varies not only because of its variable coefficients 
but also because it is expressed in terms of variable base 
vectors. In order to exhibit the situation more clearly, 
we write 

yit) = 2(0 -f {ai(0^i(0 + «2 (0^2(0 + 0:3(0^3(01. 

Then, applying the rule for differentiating a product of a 
scalar times a vector, we have 


^_dz 
dt dt 


( _L 1 daz 


dt 


dt 




+ 


dei dCi , 
I®!":}! + at-37 + a, 


dt 


dt 


dt)' 


Let the vectors deildt, dei/dt, dezfdt be expressed in terms 
of the local base vectors Ci, ez, ez. Then we would have a 
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relation of the form 


^ ^ + {Pi(t)ei(t) + ^2(0^2 0) + p3(f)ei(t)]y 

where the /Si, ^ 2 , Pz are known functions of L One could 
now differentiate again with respect to t and eliminate the 
derivatives dei/dt, de 2 ldty de%ldi as before. We see that 
repeated differentiations with respect to i introduce no 
logical difficulties. 

The moving point P traverses a curve C\ and the variable 
i establishes a correspondence between the points of C 
and Cl, 0 and P being corresponding points. The equation 

relates the tangent vectors to C and Ci at corresponding 
points; or, if t is interpreted as the time, it relates the 
velocity vectors of 0 and P. 

As an important special case, let C be referred to its arc 
length s, and let ei, 62, Cz be the system of vectors ^i, ^2, 
defined in §12.6; 

y{s) = 2(5) + ai(s)(i(s) + a2(s)?2(s) + Oiz{s)h{s), 


Then 

^ ^ -f + «2?2 + «3^3 + ai^'i + a2?2 + as^s, 

the primes denoting derivatives with respect to 5. If we 
replace dz/ds by and make use of the Frenet formulas, 
the equation reduces to 

We have seen (§10.6) that a finite rotation about a line 
cannot be represented by a vector which is parallel to the 
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line and whose length is the measure of the rotation. We 
now show, however, that such a representation is valid for 
an infinitesimal rotation, or an angular velocity. 

Si, S2, Sz are three rigid systems. Sz rotates relatively 
to Sz about the (directed) line azz with angular velocity 
W82; Sz relatively to Si about azi with angular velocity 
coji. Moreover a, 2 and azi meet in a point 0 . It is 
required to describe the motion of S3 relative to Si. 

The point 0 clearly remains fixed relatively to Si. Thus 
the resulting motion is a rotation about a line through 0. 
The axis azi will contain, besides 0 , any point such that 

Vzi = Vzz + Vzi = 0, 

where Fiy is the linear velocity of the point (thought of as a 
point of Si) relative to Sj. 

Unless both 0932 and a>2i are zero, only points in the plane 
of a82 and azi can have a zero velocity, Vn = 0 . If At 
is such a point, different from 0 , then for it the vector 
equation for compounding linear velocities yields 

Vsi = t;82 + Vzi = 0, 

where the Vij are speeds. Let Iz, Iz denote the distances 
from A» to a»j and oji, respectively. Then 

( 1 ) ®>1 — ItCdj] — IfUtl = 0. 

Let the plane containing the three axes of rotation be 
oriented and let ai 0 denote the angle measured from 
021 to 0,2. Let at be the angle from o,i to 021, and let 
a, be the angle from 0,2 to o,x. Then 

ai + a2 + ag = 0, 
or 


( 2 ) a az + az, 

where a = —ai. Equation (1) may now be written 

(3) cizz sin az ~ <azi sin as. 



Ch . 11 , 5181 DIFFERENTIAL CALCULUS OF VECTORS 85 
From (2) and (3) we obtain 


(4) 


tan a% = 

I 

tan as = 


sin a 

0 ) 8 * cos a + wsi 
sin a 

^•>*2 4" <*>21 cos a 


Now each point Bz of 032 (thought of as a point of St) 
has, relative to Si, just the same velocity as the point 
Bs of Sz which momentarily coincides with it. Let Bt^, 
BzG be the perpendiculars from Bt = Bz to 021 and Uai, 
respectively. Then for B 2 , Bz 

Vt\ ~ BtE • coii 
Vzi = BzC • «ii, 

or 


Wzi 


BtE 


0)21 


sin a 
sin as 


0)82 


sin g 
sin as 


Replacing at, az by means of (4), 


<*>81 = \/ <*>21 + <*>82 + 2 c 021 C 082 COS a . 

This relation shows that our representation (§10.6) of 
angular velocities by directed line segments obeys the 
parallelogram law in compounding. The other require- 
ments (§3.3) for a vector are evidently satisfied by the 
representation. Hence we conclude that an angular 
velocity, or an infinitesimal rotation, is a vector quantity. 

We now consider a coordinate system rotating about a 
fixed point 0. We suppose the vectors ei, et, ez at 0 
behave as a rigid body under the rotation. Let the inde- 
pendent variable t be interpreted as the time. For this 
case we have 


y(t) = a + X (0 « a -f ai (t)ei -f- a2 (t)e2 + as (t)ez, 

where a is the position vector of the fixed point 0 with 
respect to 0, the origin of the fixed coordinate system. 
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Differentiating with respect to one obtains 
dy / dai , da 2 , daz^ ^ ^ j. ^ 

i “ 7 + “*w/ 

The left member of this equation is the velocity vector of 
the point P as observed from the fixed reference system at 
O; the first term on the right is the velocity vector of P 
as determined by an observer in the rotating system; the 
second term on the right is the velocity vector which 
would be imparted to the particle P, regarded as fixed in the 
moving system, because of the rotation of the system. 
We have seen that this second term can be expressed in 
terms of the angular velocity vector, which we denote by r. 
Then 

dy (da\ . daz , dots \ n 

^ + 'dt + ar^v ^ 

Differentiating again with respect to t, 

d^y ( d^ai , d'^a 2 . d'^az \ , ( dai de\ , daz de^ 

+ [it It 


dt dt 


®a) + (|x') + ('xf> 


However, through the introduction of the angular velocity 
vector r, any term of the form 

dci . de2 , dez 
^^it + dr + ^^it 

can be expressed as 

r X (XiCi -j- X2C2 “h XsCs). 

By this means the above equation is reducible to 


(Ti\ d'^y _ d^ai d’^az , d^as , ^ 

W ~ dP"®' IP'** + dP"®" + 2’' ^ 


( dai^ 
[dt * 


I das , daj 

+ -dr®* + -dF 


*•) + (S ®- 


-U J. 

+ dr®» + 


du \ 

liV ^ * 

+ r X (r X x), 
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where ri, r2, rz are the coefficients of r expressed in terms 
of the local base vectors ei, ^2, ez- 

Exercises 

13.4. Let C be a curve referred to arc length as parameter, 
and let Ci be the curve traced out by a point P which is on the 
tangent to C at 0 and such that the distance OP remains constant. 

(1) Show that the tangent to Ci is parallel to the osculating 
plane of C at the corresponding point. 

(2) Show that the arc length Si of C\ is given by 



where a is the distance OP, and 1/p is the curvature of C at 0. 

13.6. If a point Q on the tangent to a curve C at a variable 
point P moves so that its locus Ci is always perpendicular to the 
tangent, the curve Ci is called an involute of C. Show that the 
distance PQ is equal to X + 3, where X is a constant and s is 
the arc length of C measured from some point. This is sometimes 
called the string property of the involute. Describe how an 
involute can be generated mechanically. 

13.6. Let P be a variable point of a curve C, and let Ci be a 
curve traced out by a point Q in the normal plane of C at P such 
that the curve Ci is perpendicular to this plane. 

(1) Show that the tangents to Ci and C at corresponding 
points are parallel. 

(2) Show that the distance PQ is constant (the curves C i and 
C are called parallel curves). 

(3) The curve C bears the same relation to Ci that C\ does 
toC. 

13.7. If two curves have the same tangent at corresponding 
points, they coincide. 

13.8. If two curves have the same binormal at corresponding 
points, they coincide, or each is a plane curve. 

13.9. If r denotes the position vector of a point P moving in a 
plane with respect to an origin 0 taken in the plane, show that 
the velocity vector of the point is given by 



88 DIFFERENTIAL CALCULUS OF VECTORS ICh. II, ii3 


dl 


_ dr , d6 
~ di ^ (ft *’ 


where r, 0 are polar coordinates of P, and ei, ^2 are unit vectors 
at P in the directions of r increasing, and B increasing, respec- 
tively. Also show that the acceleration vector of the point is 
given by 


dt^ 


/dv /deV) d^e , Jrde) 

“ ijt) r 


13.10. Verify that equation (A) may be written in the form 


^ ^ + (ot'iei + a^e 2 + ot^ez) -f- r X x, 


where r is the angular velocity vector of the local trihedral 
obtained in §13.2. 

13.11. With reference to equation (P), establish the following: 
(1) The term 


n ( dat , daz , daz \ 

is called the acceleration of Coriolis; it is perpendicular to the 
angular velocity vector and to the relative velocity vector, that 
is, the velocity vector as observed from the rotating system. 

(2) If the point P is fixed in the moving system and r is con- 
stant, the total acceleration is given by 

r X (r X x). 

This is called the centripetal acceleration; it is a vector directed 
from P toward the axis of revolution and has a magnitude directly 
proportional to the distance from P to the axis and to the square 
of the angular speed of rotation. 

13.12. Under the hypothesis leading to equation (P), 

(1) Show that 


(2) Obtain an expression for the angular velocity vector r. 
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§14. On the Geometry of a Surface 

References: Blaschke (26); Juvet (11), Chapter III. 

14.1 Notion of a surface. 

Let P be a point whose position vector with respect to a 
fixed system is x(u, v) where u, v are independent scalar 
variables. The points P then form a surface S whose 
vector equation is 

S: X = x(Uy v). 

If V is held constant while u varies, the point P traces a 
curve on the surface, which is called a u-parametric curve. 



Interchanging the role of u and v gives rise to another 
family of curves on the surface. Thus the surface is 
covered by a parametric net; through each point P of the 
surface there passes one curve of each family. The para- 
metric net then constitutes a coordinate system on the 
surface, since when the values of u and v are given, the 
point P is uniquely determined, and conversely, as we 
shall assume. 

The tangent vectors to the u- and «;-parametric curves are 
given by and Xv, respectively, where the subscripts 
denote partial derivatives with respect to the variables 
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u and V. We assume Xu and Xv to be linearly independent 
at each point P ol S under consideration. 

Consider now an arbitrary curve C on S. Let it be 
determined by the equations 


Then 


u = u (0, V = V {t). 


dx _ ^ j ^ 

H ~ ^“dl 


is the tangent vector to C. Since this vector is a linear 
combination of Xu and Xv, it is in the plane of these vectors. 
This plane is called the tangent plane to S at the point P, 
The line at P which is orthogonal to the tangent plane at 
that point is called the normal to the surface. The unit 
normal vector ^ is then given by 


jXu X Xi,| 

14.2 First fundamental form. 

Corresponding to an infinitesimal displacement in the 
three-space we have defined the differential of arc length 
ds by 

(ds)* = dx • dx. 

Hence for a displacement dx on the surface 

{dsY = {Xudu + Xvdv) • {Xudu + x^dv) 
or 

(A) ds^ — Edu^ -f- 2Fdudv + Gdv^^ 

where we write ds^ for (dsy and E, F, G are defined by 
E = Xu • F = G = 

The right member of (A) is known as the first fundamental 
form for the surface; it is a homogeneous, symmetric, 
quadratic differential form which is positive definite. 
The coeflScients E, F, G of the form are of course generally 
functions of u and v. 

We observe at once that a necessary and sufficient 
condition that the parametric net be orthogonal is that 
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F « 0. The angle 6 between the parametric curves is 
given by 

F 

cos e = 

yj E'\/ G 

14.3 Element of area. 

Consider the area bounded by the parametric curves 
corresponding to the values u + du, Vj v + dv. If we 
neglect infinitesimals of higher 
order with respect to du and dv^ 
this area is given by 

da = dsids 2 sin 

where dsi and ds 2 are the arc 
lengths corresponding to the dis- 
placements specified by du and 
dVy respectively. But from the 
first fundamental form, ^*8- *7 



ds\ = \/EdUy ds 2 = y/Gdv. 
From the expression for cos 6 we obtain 

VEG - F ^ 


sin 0 — 


VeVg 

Hence da, the element oj area, is given by 
da = y/EG — F^dudv. 


14.4 Coordinate equation of a surface. 

Suppose a surface S is defined by the equation 

F{x, y, z) = 0, 

where x, y, z are rectangular Cartesian coordinates in 
space. Let C be a curve defined by 

X = xit), y = 2 /( 0 , z = z{t). 

Then x, if, z are proportional to the direction cosines of the 
tangent to the curve, where the dots denote derivatives 
with respect to t Suppose now the curve C is on the 
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surface S. This means that 

Fixit),y(.t),z(f)) AO. 

Differentiating this identity with respect to t, we obtain 


SF. , dF. ,dF. , n 

s* + -^ + 5' »■ 


Therefore dFIdx, dF/dy^ dF/dz are proportional to the 
direction cosines of a direction which is perpendicular to 
the tangent to C. Since C may be any curve on S passing 
through a point P, it follows that dF/dx, dF /dy, dF jdz are 
proportional to the direction cosines of the normal to S at 
the point P. 

From the equation of the surface 


F{x, 2 ) = 0 


we obtain by taking the total differential of each side 


dF , , dF , , dF , ^ 


which equation must be satisfied for any differential dis» 
placement on the surface S specified by dx, dy, dz. 


Exercises 

14.1. The vector equation of a right circular cylinder about 
the A;-axis is 


x{uy v) = a cos ui + a sin uj + fivk. 

Show that any helix on this cylinder has the property that the 
principal normal of the curve is also normal to the cylinder on 
which the curve lies. (Any curve possessing this property is a 
geodesic on the surface.) 

14.2. The vector equation of a sphere of radius R whose cen- 
ter is at the origin is 

x(w, v) = R cos u cos vi + P cos w sin vj + R sin uk^ 

where u is latitude and v is longitude. Obtain the first funda- 
mental form for the surface. Obtain the element of area of the 
surface, and by integration find the area of the sphere. 
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14.3. The unit nonnal to the surface is given by 

X Xy 

^ " y/EO - 

14.4. From the fact that the first fundamental form (A) is 
positive definite, deduce that EG — is positive. 

14.6. Show that the poles are singular points in the par- 
ticular parametric representation of the sphere as given by 
Exercise 14.2 ; that is, at these points Xu and Xv fail to be linearly 
independent. 

§15. Scalar and Vector Fields 

References: Juvet (11), pp. 77-83; Kellogg (40), Chap- 
ter II. 

In the present section we suppose an i,y, k system, which 
together with a point 0 constitutes a rectangular Cartesian 
coordinate system. We shall denote the coordinates of a 
point by (x, y, z). 

15.1 Notion of a field. 

Let J? be a region of space, and let there be assigned to 
each point P of -R a real number. This number is a func- 
tion of P which we denote by the symbol/ (P). The func- 
tion /(P) is called a scalar point function or scalar function 
of position. The points of R together with the functional 
values / (P) will be called a scalar field over R. Thus a 
given /(P) defined at each point of R determines uniquely a 
scalar field over that region. Since there exists a one-to- 
one reciprocal correspondence between the points of R 
and ordered triples of numbers (a:, y, 2 ), where the ranges 
of X, y, and z are suitably restricted, / (P) is equivalent to a 
function F of the variables x, y, and z: 

f{P)^F{x, y,z). 

The temperature of points in the atmosphere at a given 
instant is evidently an example of a scalar field; the density 
of the atmosphere at a given time provides another scalar 
field over the same region. 
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A scalar field f(P) defined over B is continuous at Po 
in R, if, given an arbitrary positive number €, there exists 
a positive number 97 such that for all P in R satisfying the 

inequality |PoP| <97 it is true that i/(P) — /(Po)| < €. 
The field is said to be continuous in R if it is continuous at 
each point of P. We shall suppose not only that the 
fields under discussion are continuous, except when other- 
wise noted, but that they possess such derivatives as may 
be needed. 

Let / (P) define a field over R, and let Po be a point of R. 
Then/(Po) is a real number, and all points P of P at which 
/ (P) has the same value are specified by 

/(P) =/(Po). 

The set of points satisfying an equation of the form 
/(P) = constant 

constitutes a surface, which is called a level surface of the 
field. 

If with each point P of a region P there is associated a 
vector F(P), the points of P together with these vectors 
constitute a vector field over P. An example of a vector 
field is furnished by the wind velocity of points in the 
atmosphere at a given time. The definition of continuity 
of a vector field is similar to that of a scalar field. 

Exercises 

16.1. Give additional examples of a scalar field, and of a 
vector field. Consider the customary names of the level surfaces 
for the scalar fields which you have selected. 

16.2. If V (P) is gi\ en by 

V(P) = a (x, y, z)i + /S {x, y, z)j + y {x, y, z)k, 

a necessary and sufficient condition that V (P) be a continuous 
vector field over a region P is that the scalar coefficients be 
continuous scalar fields over P. 

16.3. If V{P) is a vector field over P, then |V(P)1 is a scalar 
field over P. 
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16.4. If the temperature at points of space varies inversely as 
the square of the distance from a fixed plane, set up a function 
/ (P) which defines this scalar field. 

16.5. Assuming Newton's law of gravitation, give a point 
function /(P) which gives the magnitude of the force of attrac- 
tion exerted on a unit particle by a point particle of mass M. 

15.6. Set up the vector field function V{P) for the force of 
attraction described in the preceding example. 

16.7. Determine the scalar field function / (P) whose level 
surfaces are confocal ellipsoids of revolution about the x-axis, 
the value of the field on each of the surfaces being proportional 
to the greater axis of the ellipsoid. 

16.2 Directional derivative of / (P). 

Given a scalar function F{Xy y, z) the partial derivative of 
F with respect to x, dF/dXy is simply the derivative of F 
with respect to x which is obtained on the assumption 
that y and z are constants. Thus dF/dx gives the rate of 
change of the function F with respect to x in the direction 
of increasing x. Thus we know how to obtain the rate of 
change of the function / (P) with respect to a displacement 
along a direction parallel to one of the coordinate axes, 
that is, along a direction specified by one of the vectors 
2 , jj or ft. We now consider the rate of change of the func- 
tion with respect to. a linear displacement in any direction. 



Let/(P) be a scalar field over R and let ? be a unit vector. 
Through a fixed point P of i? let the line I be constructed 
parallel to ^ (Fig. 28). The point P and the vector ^ form 
a coordinate system on I, Let P and P' be points on I 
whose coordinates are e and s + A«, respectively, » being 
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arc length on L If the quotient 
/(FQ -f(P) 

As 

has a limit as As approaches zero, the function / (P) is said 
to admit at P a derivative in the direction We write 

with ^ = Ase- 

We assume that at each point P of R the field / (P) admits 
a derivative for every direction 

Since along the line I the scalar function /(P) is a function 
of the real scalar variable s only, we have by the Law of the 
Mean of the differential calculus, 

where Pi is a point on I between P and P'. 

Exercises 

16.8. Obtain the directional derivatives of /(P) = 1/z^ at 
the point (1, 2, 3) for the directions 

(1) ? = ft 

(2) 5 = cos ai + sin a j 

(3) ? = cos ai + cos fy’ -f cos yft, 

where cos^ a + cos^ /3 + cos^ T = 1. In the last case show that 
there is a ^'cone of directions'^ along which df(P)/ds has the 
same value. 

16.9. If f(P) stands for the function F(Xj y, z), show that 
df (JP)/ds in the direction { = cos ai + cos jS/ + cos yk is given by 

dF . JF , dF 

cos a— 4- cos p- h cos 7— • 

ox dy dz 

16.10. Show that, if the directional derivatives of / (P) exist 
for the directions f, 7, and ft, the directional derivative will exist 
for an arbitrary direction. 

16.3 Gradient of a scalar field. 

Consider the directional derivative of a scalar field 
F (x, y, z) at a point P in the direction of the unit vector 
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Let C be a curve whose equation is 
r = X {s)i + y {8)j + z {s)k 


referred to its arc length s, which passes through P and 
whose unit tangent vector at that point is Then along 
C the field function F is a function of s only, and we have 
by the differential calculus 

dF _ dF dx dF dy . dF dz 
ds dx ds dy ds dz ds 

This may be written in the form 


ds 


(dx. , dy. , dz\ (dF. 





The first vector on the right is the unit tangent vector of the 
curve C and, hence, at P is the vector The second vector 
on the right depends only on the point P and not upon s or ^ ; 
it is called the gradient of the scalar field F, We write 


grad F = 


dF. , dF . , 



Hence, in terms of this concept the directional derivative 
is given by 


dF ^ „ 

^^K-gradF. 


If 5 is tangential to a level surface F = constant, then 
g=0 = 5.j,radf. 


Therefore, at each point P, grad F is normal to the level 
surface of the field which passes through P. Also, if ^ 
is in the direction of grad F, dF/ds is a non-negative num- 
ber. Hence the vector grad P is (1) normal to the level 
surface and (2) points in the direction of F increasing. 
These two properties of grad F can be taken as defining the 
gradient. (Cf. Juvet (11), pp. 80-81.) 

A curve which is orthogonal to each of a one-parameter 
family of level surfaces is called a field curve or field line, 
or sometimes a line of flow. Let dr represent a differential 
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displacement along a field line determined by the scalar 
field F {Xy 2/, z) . Then dr and grad F are linearly dependent, 
and the differential equations of the field lines are 

dx dy dz 


Exercises 

16.11. Given the scalar field defined by 

F(Xy y, z) = 

obtain grad F and verify that this vector at a point is normal to 
the level surface passing through that point. 

16.12. If a scalar field is defined by F (x, y,z) = y (r) where 

r = + y2 4- 2:2^ show that 

grad F X r = (?, 

where r is the position vector of the point P at which grad F is 
evaluated. 

16.13. The rate of change of /(P) with respect to a linear 
displacement is a maximum for a displacement in the direction 

of grad /. 

16.14. Given P, /(P), and X where 0 < X < \grad /|, show 
that there is a cone of directions { such that df/ds = X. 

16.16. A necessary condition that/(P) have a maximum (or a 
minimum) at Po is that 


(gradf)p^ = 0 . 

16.16. The field lines are determined by the differential 
equation 


dr X grad f ^ 0. 


16.17. Let 0; ci, 62, determine an affine coordinate system 
in which the coordinates of a point are denoted by {xi, x^, X 3 ), 
Let P(xi, X 2 y xz) be a given scalar field. 

(1) Show that dF/dxi, dF/dxzy dF/dxz are the coefficients of a 
covariant vector field. (We write grad F for this vector.) 

(2) dxij dxzy dxz are the coefficients of a contravariant vector 
(which we write as dr). 
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(3) Show that dF — dr * grad F, and that dF is a scalar invari- 
ant with respect to the group of affine transformations. 

(4) Show that grad F is orthogonal to the level surfaces of the 
scalar field. 

15.18. If X is a constant and / and g are scalar fields, show 
that: 

(1) grad (/ + ^) = grad f + grad g 

(2) grad (X/) = X grad f 

(3) grad (fg) = / grad g + g grad /. 



CHAPTER III 

Integral Calculus of Vectors 

§16. Definite Integrals 

References: Goursat (34), pp. 140-151; Gibson (33), 
Chapter IX; Osgood (45), Chapters II and XI; Courant, jB., 
Differential and Integral Calculus, Vol. II, tr. by E. J. 
McShane, New York, Nordemann, 1938. 

In beginning our study of the integral calculus of vectors 
we recall the following definition of a definite integral. 

Let / (x) be a real function of a real variable x defined on 
the interval a ^ x Sb. Let S be an arbitrarily assigned 
positive number and let the interval [a, b] be divided into 
a number of subintervals, the division points being 

X\y X2f * * * y Xn~~ly 3*n, 

where Xo — Xn — by and which satisfy the inequalities 
Xo < Xi < X 2 < • • • < Xn-i < x„y and such that the 
length of each subinterval is at most equal to 6. Denote 
the length of the 7 th subinterval by Aa*,; that is, set 
Axi = Xi — Xi_i. liCt Xt be any value of x interior to or on 
the boundary of the zth subinterval, and form the sum 

n 

f(Xl)^Xl +fiit)AXi + ■ • ■ +f(,Xn)AXn = 

If the limit of this sum exists as 6 approaches zero, and 
has a value which is independent of the mode of division 
into subintervals, and of the choice of x* in each subinterval, 
it is called the definite integral in the sense of Riemann of the 
function f(x) from a to b. The definite integral is denoted 
by the symbol 

jy(.x)dx. 

100 
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The so-called Fundamental Theorem of the integral 
calculus may be stated as follows. If the definite integral 
exists and ^ (x) is defined by 

= fjf(x)dx, 

then d<p{x)/dx = f{x) for each value of x at which /(x) is 
continuous. 

16.1 Line integrals. 

References: Goursat (34), pp. 184^189; Gibson (33), pp. 
296-300; Osgood (45), Chapter XI; Picard (47), Vol. 1, 
Chapter III. 

Let C be an oriented curve whose equation is 
r = r(/). 

We consider the line integrals 

j^dr/(P); /^dr.F(P); J*^dr X F(P), 

defined as limits of the appropriate sums, where / (P) and 
V{P) are given fields defined over the points of C under 
consideration. The first and third integrals yield a vector; 
the second yields a scalar. Diagrammaiically, 



scalar 
• vector = 
X vector 


vector 

scalar 

vector. 


Along a given curve 


C: r (0 = a; {t)i + y {t)j + z {t)k 


all the functions involved in the integrand are of course 
known in terms of the variable (or parameter) t. When the 
integrand has been completely expressed in terms of this 
variable, the line integral becomes an ordinary definite 
integral and is evaluated in the usual manner. For given 
fields and given end points A and B, the role which the 
curve plays in these integrals is in determining just what 
function of t the integrand becomes. The evaluation of 
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any one of the integrals may be carried out in terms of any 
convenient variable or variables. Thus, considering the 
first one 

where h and (2 correspond to the points A and B, respec- 
tively. However, we may express dr as 

dr = idx + jdy + kdz^ 

and the integral in the form 

f^iidx -{‘jdy -h kdz)F{Xy y.z) 

= (^, y, z)dx + 2/, z)dy + (®» Vf 

where the limits of integration are the corresponding 
coordinates of the end points A and B. In the first of 
these integrals y and z must be replaced by the expressions 
which they assume in terms of x for points on the curve C; 
this is where the curve enters into the problem. Similar 
remarks apply to the remaining two integrals. 

Since we are supposing a system of constant base vectors 
I, j\ ky it follows from the definition of a definite integral, 
and the property that scalar multiplication of vectors is 
distributive with respect to addition of scalars, that 

y, z)dx == I r*F(x, y, z)dx. 

As an illustrative example, consider the integral 

X*'' 

along the curve 

C; r = ti + |i + 2<»ft 

from A(0, 0, 0) to B(l, 2), where the vector field is 
given by 


V (P) = yi — xy + xyzk. 
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Since r is the position vector of points on the curve C, 
the coordinates (x, y, z) of any such point are given in 
terms of < by the equations 

X = t,y = = %*. 

The point A corresponds to i = 0, and the point B to 
t = 1. Hence 


<fr • F = £mi + tj + 6<2ft) ■ - ty + 

- id - '• + «'•)“ - h 

Computing this integral by the other method, we have 
dr • 7 = (idx -f jdy + kdz) • (yi ~ + xyzk) 

rB 

= I {ydx — xHy + xyzdz) 

- i’i^ - ^ & 


dz 


7_ 

12 


In this example, if V is interpreted as a force field, the 
result measures the work done in transporting a unit 
particle along the curve from the point A to B, Generally, 
the value of a line integral depends not only upon the end 
points but also on the path. Thus the curve 

^ 2 * 4 '^ 2 ^ 


contains the point A for < = 0 and the point B iov t — 2. 
However, in this case 


/>•>' 
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Evaluating by the other method, we have 


dr • K = (idx +jdy + kdz) • (jd - xy + xyxk) 
— J* (ydx — xHy + xyzdz) 


- 


4y^dy + 


Exercises 

16.1. Identify the ^'ordinary integrar' 

fy(x)dx 

•fXl 

with one of the above line integrals. Give a geometric interpre- 
tation for the special casef(x) = 1. 

16.2. Give physical or geometric problems which afford an 
illustration for each of the three types of line integrals. 

16.3. Evaluate each of the three types of line integrals along 
each of the curves 

Cii T (i) = ti ^ ij tk 

C 2 : r(t) = ti + ty + t^k 

from the point (0, 0, 0) to the point (1, 1, 1), given that 

/(P) = - yz^ 

V(P) = xyi — zy -f xyzk. 

Also, evaluate 

jdr^gradf 

along the same two curves between the same points. 

16.4. The arc length s of the curve C:r = r{t) from the point 
given hyt—ti to the point given by t is 

where is the unit tangent vector of the curve. 
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16.2 Surface integprals. 

References: Ooursat (34), p. 256 ff.; Gibson (33), pp. 
312-323; Osgood (45), Chapter III. 

Let S be a two-sided surface. We suppose that the 
surface has a unique normal at each point under considera- 
tion. At an arbitrary point P on the surface let a positive 
direction be assigned to the normal. The supposition 
that the surface is two-sided means that if the point P, 
accompanied by its oriented normal, traverses any closed 
curve on the surface, upon its return to its original position 
the normal will be oriented as initially. This is not true, 
for instance, on the Mobius strip. (Cf. Vehlen-Young 
(51), II, p. 67.) 

We shall assume that any surface under consideration is 
orientable and that it has been oriented by a definite 
choice of its positive normal. Likewise, it will be under- 
stood that any curve under consideration has been oriented. 

We shall be concerned with only two types of orientable 
surfaces: 

(1) A simply connected surface with a boundary con- 
sisting of a closed curve. In this case we take the orienta- 
tions of the curve C and the surface S such that the tangent 
vector of C, its inward-pointing normal (tangent to the 
surface), and the normal to the surface, in the order 
named, constitute a right-handed triple. 

(2) The surface which bounds a finite, simply connected 
region of space. In this case the outward-pointing normal 
will be chosen as the normal to the surface. 

Let da be an element of area of S, and let ? be the unit 
normal vector to the surface. It is convenient to introduce 
the surface element vector dd, defined by 

dd = 

We consider the surface integrals 

fdifiP), fdi. K(P), jdi X K(P). 
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defined as limits of the appropriate sums. Diagrammati- 
cally, 

{ scalar /vector 
• vector = ^ scalar 
X vector ^vector. 

Let the vector equation of the surface S be 
r = r(u, v). 

Then, at any point P of the surface, / (P) and V (P) are 
known in terms of the scalar variables u and v. Also, as 
we have seen d6 can be expressed in terms of these vari- 
ables, viz.: 

d6 = (Tu X rv)dudv. 



It is proved in works on analysis that if the double integral 
JF{u, v)da 

exists, then the repeated integral 

fdvJF (Uj v)g (w, v)du = /dw/F (w, v)g (w, v)dv, 

where da = g{Uy v)dudvy also exists and has the same value. 
See Goursat (34) p. 254, or E. W. Hobson, Theory of Func- 
tions of a Real Variable, Cambridge (1927), Vol. I, p. 510. 
As an illustration of one of these integrals we consider 

//<» X F(P) 

where S is the closed surface consisting of Si, the hemispher- 
ical surface above the x, ^-plane of a sphere with center 
at the origin and radius equal to one, and S 2 , the surface 
of the X, i/-plane interior to and including the unit circle 
with center at the origin. For the vector field we take 

V{P) = yi — xy + xzk. 

The position vector r of points on the sphere is 
r = cos u cos t;l + cos u sin vj + sin u ft, 
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where u is latitude and v is longitude. The surface element 
for the spherical surface is given by do* = cos ududv, and 
hence the outward-pointing surface element vector dd is 
given by 

dd = r cos ududv 

= (cos^ u cos VI -f cos* u sin vj + sin u cos uk)dudv. 

At points on the spherical surface the vector field V (P) is 
given in terms of u and v by replacing x, 2 /, and z by their 
expressions in terms of u and v. Hence on the spherical 
surface 

V(P) — cos u sin VI — cos* u cos* vj sin u cos u cos vk, 

A direct computation now gives d6 X V (P) for points of 
2Ji, and we have 


I" X >'« - € ^J^(cos* u sin u cos v sin v + 

cos® u sin u cos* v)dudv 

T 

-|- w sin M sin V — cos® u sin u cos* v)dudv 

T 

-f- ^ ^ ^ v)dudv 

TT. TT . 27r, 

~ 4 * “ 4 *^ “ 3 "^- 


On the surface S 2 it will be convenient to use polar coordi- 
nates p, 6, Then the element of area is given by pdpdO, 
and hence 

d6 = —pdpddk. 

In terms of these variables 


a; = p cos 0 
2 / = p sin 0, 

and hence for points of S 2 

V (P) = (p sin ^)i — (p* cos* 0)j\ 
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Then 

da X V{P) = ij^f^ - p* cos* edpde + 



Combining these results, we have 

/* X •'« - -V - T*- 

Note . — The discerning reader will observe that the surface S 
violates somewhat our hypothesis, inasmuch as it has no well- 
defined normal along the curve of intersection of the sphere and 
the Xj i/-plane. However, the problem is typical of those which 
may arise, and the result in this instance can be justified by the 
following device. In the case of an integral over Si, let it be 
defined by 

lim P v)dvdu, 

where the s 3 nmbol a — *> 0 means that a is to approach 0 through 
positive values, and for an integral over S 2 we take as its value 

lim 0;>(p, e)dedp, 

where r is to approach 1 from below. For an adequate treat- 
ment of integrals over surfaces, reference may be made to Kellogg 
(44), Chapter IV. 

16.3 Volume integrals. 

Let r be a closed region of space, and let dr be an element 
of volume. We consider the volume integrals 

f/rfiP), f^dr V{P) 

defined as limits of the appropriate sums. Diagram- 
matically, 


r Jscalar _ f scalar 
JT ^(vector "" ^ vector. 
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As an example, we calculate the value of 
f/r V{P), 

where 

F(P) « yi - x'j + xzk 

and T is the region bounded by the right circular cylinder 
of radius 1 whose axis is the z-axis and whose bases are the 
planes z = 0 and z = 2. Using cylindrical coordinates 
P, z, 

dr = pdpdddz 

Jj,d'rV(P) = 6i — cos* Bj + p cos Bzk)dpdzdB 


AT 



Exercises 

16.6. Give a formal definition of one of the above surface 
integrals. 

16.6. Give physical or geometric problems which afford 
illustrations of the surface and volume integrals under discussion. 

16.7. Given the equation of the right circular cylinder of 
radius R in the form 

r = R cos ui + 7? sin vky 

(1) Compute the surface element vector dd, where the positive 
normal is taken as pointing outward. 

(2) Determine by integration the area of the curved surface of 
height h. 

(3) Given a pressure function / (P) proportional to the depth 
below the upper face, compute the force vector on the convex sur- 
face of the half cylinder of height h lying to the right of the i, 
/e-plane. Note that the force vector is the same as though the 
surface of the half cylinder were replaced by the t, A;-diameter 
plane. 

(4) Compute the force vector on the half cylinder under the 
conditions specified above, but including the force on the lower 
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16.8. The integral • V{P) is called the drcuhtion of V 
along C; the integral X" • F(P) is called the flux of V across Z. 


Show that the arc length of C is the circulation of the unit tangent 
vector along C, and that the area of Z is the flux of the unit 
normal vector across Z. 


16.9. If F is a constant vector field, the flux of V acrass a 
closed surface is zero. Give a physical illustration of the meaning 
of this theorem. 


16.10. Suppose an incompressible fluid of density p is flowing 
in a circular pipe of radius R such that the magnitude of the veloc- 
ity vector is 1/(1 + r^), where r is the distance from the center of 
the pipe to the particle. Obtain the momentum vector of the 
liquid in a section of the pipe h units long. We suppose the 
section to be straight. 

16.4 Notion of solid angle. 


A geometric concept of importance is that of the solid 
angle made by a surface Z when viewed from a point 0, 
not on Z, Let P be a point in an element of surface da of 
Z, and let 

r = OP. 

We define a vector field 

y^p) = f,’ 

where r is the magnitude of r. Let ^ be 
the angle between V and d6 at P. Then 

F-dd = \V\d<r', 

where da' is the orthogonal projection of 
the area da on a plane through P which 
is perpendicular to F. Except for in- 
finitesimals of higher order, da' may 
equally well be interpreted as the area 
of the central projection from 0 of dcr on the sphere with 
center at 0 and passing through P. Now the length of V 
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is l/r®, and \Vd(f^\ is the area, except for infinitesimals of 
higher order, of the sphere of radius 1 intercepted by the 
cone, with vertex at 0, which projects da on the sphere. 
For, if dor" denotes the area on the unit sphere 


and 


1 r* 


IFdcr'l = 



The number |Fdcr'| is called the solid angle of da from 0. 

The angle is said to be positive if OP enters S from the 
negative side as indicated in the figure. In the formula 
|7| cos yl/da, the factor cos ^ takes care of the proper sign. 
The solid angle of the surface viewed from 0 is defined by 
the integral 



r being the position vector OP of points F of 2. 


Exercise 

16.11. Establish the following, known as Gauss's Theorem: 
If 2 is a simply connected closed surface, the solid angle sub- 
tended by 2 from a point 0 has the value 47r, 27r, 0 according as O 
is interior, on, or exterior to the surface 2. Note that this is a 
scalar point function which is discontinuous at every point of 
the surface 2. 


§17. Differential Operators 
17.1 Gradient, divergence, curl. 

References: Juvet (11), Chapter IV; Wills (23), Chap- 
ter III. 

Let / (P) and V (P) define fields over a region R. Let 
P be any point interior to J?, and let 2 be any closed surface 
(with suitable continuity properties of course) situated in 
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R and containing P as an interior point. Consider the 
integral 

T 

where dd is the outward-pointing normal and r is the volume 
bounded by S. If the limit of this quotient exists as 
points of S approach P/’ it defines a vector at P. Assum- 
ing the limits to exist, we adopt the following definitions: 

gradient / = limit 

points of 2— ►P 

(di-ViQ) 

divergence V = limit 

points of 2— ♦P ^ 

(di X K«3) 
curl V = limit 

points of 2— ♦P “T 

Since the concept of limit demands that these limits, if 
they exist, shall have values independent of the shrinking 
surface S, we may obtain the values of the limits by con- 




Fig. 30 
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sidering a particular surface. Making use of this principle, 
we now derive the expression for prod / in terms of an 
I, k S 3 rstem by taking Z as a rectangular parallelepiped 
with its center at P and with its faces parallel to the coordi- 
nate planes. 

Let P be the point {x, y, z) and let the dimensions of the 
parallelepiped be dx, dy, and dz. Suppose / (P) = F{x, 
y, z). By the Law of the Mean, if Qi is the center of the 
face ABCD, 

Sm =F{x-\-^,y,^= Fix, y, z) + ' 

where Pi is a point between P and Qi. On the face ABCD, 
difiQi) = idydzfiQi) 

- + (b),.!}**- 

But on the opposite face EFGH, 
diJiQt) = —idydzfiQi) 

where Q2 is the center of the face and P2 is a point between 
P and Q2. Hence the surface integral over these two faces 
of the parallelepiped gives 

5{(s)„ + 

Dividing this by the volume dr = dxdydz and passing 
to the limit we obtain 



Proceeding similarly for the other two pairs of opposite 
faces, we have 
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This result identifies the gradient as here defined with the 
quantity previously introduced under the same name. 

A more satisfying approach to the expression for the 
gradient is furnished by selecting the surface which is to 
close down on P, one which has a well-defined normal at 
each point. Let, then, S be the sphere of radius r with the 
point P as its center. If P has coordinates (x, z), the 

position vector of a point Q on the sphere is 

OQ — {x -{■ r cos u cos v)i + (y + r cos u sin v)j + (z + r sin u)k. 
The surface element vector is 


d6 — (cos u cos vi + cos u sin vj + sin uk) cos ududv. 

We expand / (Q) by Taylor’s theorem for a given w, v in 
terms of r: 


/(Q) =/(P) + 


fdf , d/ . , a/ . 

, ^ cos w cos V + ^ cos u sin V + -^ sin 
\dx dy dz 


i^r + 
E(r), 


where the partial derivatives are of course evaluated at 
P and where the remainder term R (r) is an infinitesimal of 
higher order with respect to r. Hence 


J^cfd/ (Q) = (^) + Jo J ^ 

^2 

+ ^ cos® u sin^ vj + ^ sin® u cos d6R (r). 

The first integral on the right vanishes, and upon evaluating 
the repeated integrals, one obtains 

where the vector e (r) approaches zero as r approaches zero. 
Now, dividing this expression by the volume of the sphere 
and passing to the limit, we obtain the gradient of / in the 
same form as before. 
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Exercises 

17.1. Given the vector field 

V(P) = X (x, y, z)i+Y (x, y, z)j + Z (x, y, z) k, 


show that 


and that 


divergence V = 


^ ^ ^ 

dx dy dz 


curl V = 


1 

dx 

X 


J 

dy 

Y 


k 

dz 

Z 


17.2. Given the vector field 

V(P) = a: cos yi + y^z j — xyzk^ 
compute div V and curl V, 

17.3. A necessary and sufficient condition that grad / vanish 
identically is that / = constant. 

17.4. If V (P) = grad / (P), show that curl 7 = 0. 

17.6. Show that div (curl 7) = 0. 


17.2 Differential operators. 

In this connection it is convenient to introduce the 
operator **del,’’ denoted by V and defined by 


In terms of this symbol we may write 
grad / = V/ 


div 7 - V • 7 
curl 7 = V X 7. 

We also introduce two additional scalar operators, 
V * V and V • V. Let us consider the latter one first. 




dx* dj/* 


+ 


d2*' 
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In place of V • V we employ the more customary notation 
VK The operator is called the Laplacian, and the 
equation Vy = 0 is known as Laplace^ s Equation. 

We have seen that 

df = £fr -grad/, 


which may be written 

df = (s- V)fds, 

where dr = sdsj s being a unit vector. Thus the operator 
(s • V), where s is a unit vector, when applied to a scalar 
field /, yields a number which is the directional derivative 
df/ds in the direction s. That is, s being a unit vector, 
we have 

5*(V/) = (S-V)/. 


We see from the definition of the gradient of / that we can 
express the result of (s • V) operating on / (P) in the form 


(s-V)/(P) 


lim 




points of2— ►P f 


where now s stands for a constant field of unit vectors. 

Let V (P) be a vector field. We define the ‘‘directional 
derivative of V{P) in the direction s'' by 


as ab-¥o 

where PP' = sAs. 

We now verify that 


f =(.V)F, 


where (s • V)F is defined by 


(s-V)F(P) 



points of 2— »P 


(s.dd)F(0), 

T 


5 being a constant unit vector field. For the evaluation of 
the integral, we select 2! as a right circular cylinder with 
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PP' as axis, and with P an interior point. Then at each 
point of the curved surface s • dd = 0. Let a be the area 
of the base of the cylinder. Then 


lim • 

points of X—*P 


Hence 




. um ym- 


points of 32— 




. - m . 

As-»0 As 


In terms of an f, j, k system 

where Si, S 2 , and Sz are the direction cosines of s. 
Similarly one can define the operators 


(s X V) • V(P) = lim 

points of 2— ♦P 


X d6 ) . ViQ) 


(s X V) X V(P) = lim 

points of 2-+P 


J^(s X da) X K(Q) 


From the calculus, if X is a parameter independent of x and 
v’(x) = x)dx, 

the limits of integration being indep)endent of X, then 


We now establish the analogue of this theorem for the 
operator del. 

Let f{Pj Q) be a scalar function of two independent 
points. Then g (P) is a scalar point function, g (P) being 
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defined by 

9(P) = fj(P, 

where during the integration P is fixed and Q varies over a 

surface S. Let P' be a point near to P such that PP' = As s. 
Then 

g(P')-g(P) ^ f/(P10Lll/(^d.^ 

As Jz As 

Now if /(P, Q) regarded as a function of P has a gradient 

fiP', Q) - fiP, Q) = 

where Pi is between P and P'. Then in the limit, if the 
gradient is continuous, 



That is, 

s • grad g (P) = J*^s • gradi./(P, Q)da, 
and since this is true for s arbitrary, we conclude that 

^9iP) = f^'^-fiP, Q)d<r, 

where Vp is used to indicate that V operates on / (P, Q) 
regarded as a function of P only. The result which has just 
been established in the case of a surface integral clearly 
holds also in the case of an integration along a curve or 
over a volume, the limits of integration of course being 
independent of P. 

As a working rule one makes use of the fact that the 
operator V behaves somewhat as a vector, except of course 
that in the notation it must precede the quantity on which 
it operates. In any case in which the meaning may be in 
doubt, one can usually resort to the limit definitions, as 
has been done above in establishing most of the results. 
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As an example, consider 

V • (u X v). 

Since V is a differential operator, we have 

V • (u X v) = V • (u X v) + V • (1/ X v) 

T T 

= V • (u X v) - V • (i; X i/), 

T T 

where the vertical arrow points to the argument on which 
V operates. Since in the box product the dot and cross 
may be interchanged, we obtain 

V • (li X v) = (V X ti) • V - (V X v) • i/. 

For the establishment of this formula by means of limits, 
see Juvet (11), I, p. 99. 

As another example consider 

V X (u X v). 

We first write 


V X (u X v) == V X iu X v) + V X {u X v). 

T T 

Now apply the result of §9.2 and obtain 


V X (u X v) = 

T 


U V 

IV • li i; • VI 


; V X (u X v) = 

T 


u 

lu- V 


V 

V • 1 ; 


Hence 


V X (li X v) = (v • v)ii ~ (11 • V)i; + u(V • v) — i;(V • li). 

Such formulas as these may of course be established by 
resorting to an 1 , 7 , k system. Cf. Wills (23), p. 93. 


Exercises 

17.6. Show that the operators V, V •, V X are linear. 

17.7. If r = \/x* + show that 1 /r satisfies Laplace's 

equation. 
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17.8, If V (P) is a vector field and r (P) is the position vector 
of P, show that (V • V)r = V. 

17.9. Show that the vector field V (P), all of whose vectors 
are perpendicular to a fixed plane and whose magnitude is a 
function of the distance from the plane, is the gradient of a 
scalar field. 

17.10. Show that the vector field all of whose vectors are 
perpendicular to a fixed line or axis and pass through that axis, 
and whose field intensity is a function of the distance from the 
axis, is the gradient of a scalar field. 

17.11. Verify the following: 

(1) div (grad/) = V^/; 

(2) div (curl V) = 0. 

17.12. If r is the position vector of a point P referred to an 1 , 
/, k system, show that 

div r = 3 and curl r = 0. 

17.13. By use of the identity 

a X (h X c) = ^ > 

a • o a* c 

or otherwise, show that 

V (1/ • i;) = i; X (v X u) + 1/ X (v X i') + (i^ • v)u + (1/ • v)v. 

17.14. If V{P) is a vector field and t is the unit tangent vector 
to the field lines, show that 

1/p being the curvature of the field line. 

17.16. If V is the linear velocity vector of a point of a rigid 
body having an angular velocity vector show that 

curl V = 2u? and div 7 = 0. 

This interpretation makes the name “curl” seem appropriate. 
(Cf. Gihbs-Wilson (7), p. 155.) In place of “curl” the term 
“rotation” or “rotor” of the vector field is occasionally used, in 
which case it is written rot 7. 
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§18. Divergence and Related Theorems 

References: Juvet (11), Chapter V; Wills (23), Chapter 
IV. For a critical presentation of the material of this 
section, see Kellogg (40). 

By use of the limit definitions of gradient, divergence, 
and curl, we are now in position to derive readily certain 
important theorems of the integral calculus which are 
particularly useful in physical and geometric applications. 

18.1 Theorems of the gradient, divergence, and rotational. 

Let T be a region of space in which the fields involved are 
defined and which is bounded by a closed surface S. We 
assume that the scalar field /(P) has a gradient at each 
point of r. Let the region T be decomposed into N 
parts, At{ being the volume of the ith part, which we 
supposed bounded by the surface and let P, be an 
interior point of this subregion. Then by the definition 
of the gradient of /(P) and the meaning of a limit, it follows 
that 

V/ (P.)Ar. = dd/ (Q) + c,At„ 

where c, is a vector which tends to zero as points Q on the 
boundary approach P. Let rj be the greatest of the vectors 
e,-, that is, the one of greatest magnitude. Then 77 
approaches zero as N approaches infinity, and each sub- 
region approaches zero in all its dimensions. We now 
sum the above equations from one to N and pass to the 
limit. The result is 

f^Vf(P)dr = jd6f{Q). 

For 

(1) IciAti + t2AT2 + • • • +eArATN| g |t;|{Ati + At2 + • • • 
+ Atat} = \ri\T, which approaches zero as a limit, since T is 
finite; 
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(2) Over a “bul kh ead” between adjoining subregions, 
/dd/(0) = 0, 

since the normals are oppositely pointed, and the integra- 
tion is carried out twice over this surface. 

The relation thus obtained 

j'^V/(P)dr = //d/(0) 

is called the Theorem of the Gradient. 

Similar considerations yield the following two theorems : 

J'^vK(P)dr = fd6-V{Q) 

fv X V{P)dr = jdi X V{Q). 

The first of these is the extremely important relation 
known as the Divergence Theorem; we shall call the second 
the Theorem of the Rotational. 

The divergence theorem may be stated: The integral of 
the divergence of a field extended over a volume T bounded 
by a closed surface S is equal to the total flux of the field 
across 2. 

18.2 Cartesian equivalent of the theorem of the gradient. 

The Cartesian equivalents of these theorems are readily 
obtained. Let 

fiP) = /(ic, y, z) 

F(P) = Z (x, y, z)i + Y {x, y, z)j + Z (x, y, z)k 
dd = do- (cos ai + cos Pj + cos yk)^ 

da being an element of surface area. 

Equating the coefficients of the vector i in the theorem 
of the gradient, we have 

Now a is the angle between the outward-pointing normal 
^ of the surface and i, and hence cos a da is the orthogonal 
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projection of the element of area dcr of S on the y, z-plane. 
Since the integral is independent of the shape of the ele- 
ment of area, we may take da such that its projection on the 
y, 2 -plane is the rectangle whose sides are dy and dz. Also 
we may take the element of volume to be dz dy dz. There- 
fore, the equivalent of the theorem of the gradient is 

-///**■ 

with the two additional equations obtained by a cyclic 
permutation on the letters x, y, z. 


Exercises 

18.1. Show that the Cartesian form of the divergence theorem 
is 


1 1 f + i)*'**'*" - / X**** + 

Vdzdx + Zdxdy), 

Note. — This usually goes under the name of Greenes Theoreniy 
or the Theorem of Ostrogradsky. See books on analysis, such as 
Osgood (45); Gibson (33); Goursat (34); Picard (47), etc. 

18.2. The Cartesian equivalent of the theorem of the rota- 
tional is 


/JX(f “ 

with two similar equations obtained by a cyclic permutation on 
the letters x, y, z. 


18.3. Show that 0, if S is a closed surface, by appl3dng 

the theorem of the gradient. 

18.4. Interpret the divergence theorem geometrically for 

7 = r = XI -f 2/7 + 


18.6. If 7 = grad /, prove by means of the divergence 
theorem the important theorem in the theory of harmonic 
functions 
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That is, the integral of the Laplacian of / extended over a volume 
T is equal to the flux of grad / across the bounding surface. Or, 
otherwise stated: The integral of the Laplacian of /over a volume 
T is equal to the integral over the bounding surface of the direc- 
tional derivative of / in the direction of the outward-pointing 
normal to the surface. 

18.6. Verify the divergence theorem for the case in which 
V{P) = yi - x’^j -b xzk^ 

and the region T is that bounded by the a;,i/-plane, z > 0; the y, 
z-plane, x > 0; and the unit sphere with center at the origin. 

18.3 Stokes’s theorem. 

In each of the three theorems just considered an integral 
over a volume was expressed in terms of an associated 
integral over the closed surface enclosing that volume. 
We now obtain an important result which relates a certain 
surface integral to a line integral along a bounding curve. 

We first consider a preliminary theorem. Let a be a 
constant unit vector, and consider the cylindrical surface 
which is generated by a line parallel to a as it traverses a 

a 

k 
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simple closed curve C in a plane perpendicular to a (Fig. 
31). Let S consist of the cylindrical surface between two 
planes each perpendicular to a and at a distance h apart 
together with these bases. From the definition of curl F, 


a • curl F = a * (V X F) 


= a • lim 

points of S— 


= lim 

points of X—*P 

= lim 

points of 2S— »/* 


fd6 X K(Q) 

T 

f&-{d6xvm 

T 

fj.jaXd^)) 


Along the base of the cylindrical surface, dd is parallel to a 
and hence a X dd = (?; on the curved surface aX dd = hdr^ 
where h is the height of the cylinder and dr is the vector 
line element of the bounding curve C. Hence 


F- (a X dd) = AF-dr, 


and therefore 




a • (V X 10 = L 

points of S-^P Hot 


— , 

P a 

a being the area of the base of the cylinder. 


= lim 

points of 'Z—*P OL 



Fig. 32 
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Let /S be a portion of a surface bounded by a simple 
closed curve C (Fig. 32). Let positive directions be 
assigned to the curve and the normal to the surface so that 
a rotation in the positive direction of C would advance a 
right-handed screw in the direction assigned to the surface 
normal Let S be divided into subregions by a network 
of curves. For the ith subregion we have, by the above 
preliminary theorem, 

d6i • (V X V(Pi)) = • (V X V(Pi))dai 

= dr + 

where e approaches zero as Aa*,- approaches zero. Summing 
and passing to the limit as each subregion shrinks toward 
an interior point, we have 

^dd.(VXV)=Xdr.K, 

which is known as the formula of Amper e-Stokes y or Stokes’s 
Theorem. In words, the total flux of the curl of a vector 
field V across a surface S bounded by a curve C is equal to 
the total circulation of V along 

Exercises 

18.7. Obtain Greenes theorem in the plane 

as an application of Stokeses theorem. 

18.8. Establish the results 

^ddXV/ = jTdr/ 

jr(dd X V) X F = fdrxv. 

Hint. — Apply Stokeses theorem to / a and to V X a, where a is 
an arbitrary but constard vector field, 

^Kampen, E. R. win, “The Theorems of Gauss-Bonnet and Stokes,” 
American Journal of MathematicSy 60y pp. 129-138 (1938). 
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18.9. If r is the position vector of points P on a closed curve 
C, show that 

fj‘dr = 0. 

18.10. Interpret geometrically the integral 

//>' X >’« 

where r is the position vector of points on a curve C which is 
plane and closed. 

18.11. If / and g are scalar fields defined over a surface S 
bounded by a closed curve C, show that 

grad g ■ dr = grad / • dr. 

18.12. If S is a closed surface, show that 

j\i6 * curl F = 0, and X grad / = 0. 

18.13. As a special instance of Green’s theorem in the plane, 
show that the plane area bounded by a simple closed curve C is 
given by the line integral 

i fjixdy - ydx). 

Cf. Goursat (34), p. 187. 

18.14. Establish the following relations, each of which is 
known as Green’s theorem. 

If F = / grad g, then div F = / V^g + grad / • grad g^ and 
F • dd = / grad <7 • dd = fdg/dn. 

The theorems to be established are 

( 1 ) ■*' ^ 

( 2 ) Xtf vv - JVW, - J^(/| - 4 )fa, 

where S is the closed surface bounding the region T, 

18.16. Prove that if there is applied to each element ds of a 
closed and rigid curve C a force of magnitude ds/p in the direction 
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of the principal normal vector, the curve remains in equilibrium; 
1/p denotes the curvature of the curve and s is its arc length. 
Hint . — The translational effect of the applied forces is given 

by J and the rotational effect by X where 

is the unit principal normal vector of the curve and r is the posi- 
tion vector of a point of C. Hence the vanishing of these inte- 
grals is equivalent to the curve remaining in equilibrium. 

18.16. A rigid body of volume T bounded by the surface S is 
completely immersed in a fluid of specific gravity unity. Prove 
that the effect of the fluid pressure on the body is the same as 
that of a single force / of magnitude T, vertically upwards, 
applied at the centroid C of the volume T. 

Hint . — ^Let the Xy y-plane be the surface of the liquid. To 
obtain the resultant force vector apply the Theorem of the 

Gradient to and to obtain its line of application consider 

the moment with respect to the origin and apply the Theorem 
of the Rotational. 

§19. Examples of Applications 

19.1 Line integral independent of the path. 

Let C be a curve joining two fixed points A, B and 
consider the integral J^dr • V, where V is a vector field. A 

necessary and suflficient condition that this integral shall 
have a value which depends only on the end points A and 
By but is independent of the curve joining them, is that the 
integral taken along an arbitrary closed curve passing 
through A and B shall have the value zero. Suppose then 



where C* is an arbitrary closed curve passing through 
A and B. By Stokes's theorem it follows that 

fdH • (V X F) = 0, 

where S is any surface bounded by the closed curve C*. 
Obviously a suflficient condition that this equation be true 
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is that 

V XV ^ 0. 

On account of the arbitrariness of the surface 2), we conclude 
that it is also necessary. 

An equivalent statement of this theorem is (see exer- 
cises below): A necessary and sufficient condition that a 
vector field admit of being the gradient of a scalar field is that 
its curl shall vanish. The function / {x, y, z) defining the 
scalar field, or frequently its negative, is called a potential 
function for the vector field which is its gradient. A vector 
field admitting a potential function is called a conservative 
field. 

As an example, consider the field of force acting on a 
unit mass due to a mass particle of mass M under the 
Newtonian law of gravitation. Let the mass M be situated 

at 0, and denote OP by r. Then 



where X is a constant. 
Now 


dr-V = 


\ M{r • dr) _ \Mdr 



Hence \M/r is a potential function for F, since 


Mf 
d — 
r 


dr • grad ^ = dr • 


for dr arbitrary. We write 


U(P) = 


XM 

f 

r 


which is defined, together with its derivatives, at all points 
P other than 0. Thus the Newtonian field is conservative 
and the work done in transporting a unit particle from a 
point A to a point B is independent of the path. 
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The total flux of V across a closed surface 2) is 


We recognize that this is just the integral which gives the 
solid angle of S when viewed from 0. Hence the flux of 
7 is 0 or — 47rXilf according as 0 is an exterior or interior 
point of S. 

Let P be a point distinct from 0, and let P be surrounded 
by a closed surface S which does not contain 0 as an 
interior point. The divergence of 7 at P is defined by 


lim 

points of 2— ♦P 


T 


Since the numerator is zero, it follows that div F = 0 at all 
points P distinct from 0. Hence at points of free space, 
the Newtonian potential function due to a point mass 
satisfies Laplace’s equation 


= 0 . 


These considerations show that the same is true for the 
Newtonian potential arising from any finite number of 
discreet point masses. In the case of continuous masses, 
the vector field V is defined by the integral 

VV) - - 

extended over the volume P, where p (Q) is a density factor 
and where we have taken X to be equal to 1. The potential 
function U (P) is found to be 

C/(P)= f P-Mdr, 

JT T 

and it can be shown {Juvet (12), p. 20) that 
V{P) = Vf7(P) 


at every point of space. 
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Exercises 

19.1. A necessary and sufficient condition that V • dr he 
an exact differential is that V be the gradient of a scalar point 
function. 

19.2. A necessary and sufficient condition that V be the 
gradient of a scalar is that curl F = 0. 

19.3. If a potential function exists for a given vector field, it 
is unique except for an additive constant. 

19.4. If V • dr is not an exact differential, a necessary condi- 
tion that there exist a scalar ^(x, y, z) such that <pV • dr is an 
exact differential is that the field V be perpendicular to its curl at 
each point. (The condition is also sufficient.) The theorem 
may also be stated: Given a vector field, a necessary (and suffi- 
cient) condition that there exist a family of surfaces orthogonal 
to the field lines is that the vector field be perpendicular to its 
curl at each point. 


19.2 Physical interpretation of divergence. 

References: Wills (23), p. 106; Webster (52), p. 496; 
Kellogg (40), p. 45; Gihhs-Wilson (7), p. 152. 

Let V be the velocity of a moving fluid and let p be its 
density, both of which we shall regard as functions of 
position X, y, z and the time L Let 2 be a closed surface, 
fixed in space, which bounds a region T through which the 
fluid is flowing. The total mass of the fluid in the region 
r at a time t is given by 

M{t) = a:, y, z)dT, 


and its rate of change per unit time is given by 


dM{t) 

dt 




But the rate at which fluid is entering the region T is given 
by the surface integral 
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where dd has the direction of the outward-pointing normal. 
Hence 

Applying the divergence theorem to the integral on the left, 
we have 

- ^JavipV)dT = 
or 

Since this relation holds for an arbitrary region T, we 
conclude that 

^ + div (pF) = 0 

at each point of the fluid and for an arbitrary time L 
This is known as the equation of continuity of a perfect 
fluid. Expanding, 

+ (Vp) • F + p(v • F) = 0, 


or 


dp dp dx . 

57 a? ST 


dpdZ . y 
+ TT + P div 


v = o. 


or 

dp 

— + div 7=0. 

P 

Consider now a small portion of the fluid of volume t 
as it moves; its mass will be a constant, say m = pr. Taking 
the logarithm of each side and differentiating with respect 
to t, we have 


dp dr 



P T 
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Hence, from the equation of continuity 

div K = -, 

T 

that is, the divergence of the velocity is the time rate of increase 
of volume per unit volume. 

If dp/dt = 0, the fluid is said to be incompressible. 
Hence for an incompressible fluid 

div 7 = 0. 

If p is constant not only with respect to time but also with 
respect to position, the fluid is of uniform density and the 



mass of any portion of it is proportional to the volume. 
In this case 

jd6 • F = 0 

expresses the fact that the volume of the fluid entering a 
given region per unit time is equal to the volume leaving it. 

Let 7 be a vector field whose divergence vanishes in a 
region R, Let C be a closed curve in R. Then the field 
lines of 7 passing through points of C will form a tube. 
Let 2Ji and ^2 be two surfaces cutting the tube. We have 
then a closed surface S consisting of the curved surface of 
the tube and its two end surfaces Si and S 2 . At each point 
on the curved surface of the tube the normal to the surface 
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is perpendicular to the field line at that point. Then 
applying the divergence theorem 

If we take the inward-pomting normal to Si, we have 



which says that the flux of V across a section of the tube is 
constant. This is realized, for instance, in the flow of an 
incompressible liquid of constant density through a pipe. 

Exercise 

19.5. A necessary condition that the differential equation 
V X F = fl 

where is a given vector field, admit a solution V is that div 
a = 0. If 7 is a solution, then V + grad f is also a solution 
where / is an arbitrary scalar point function. 

19.3 On the flow of heat. 

Reference: Kellogg (40), p. 76^. 

Suppose a solid all of whose points are not at the same 
temperature. The rate of flow of heat may be represented 
by a vector field V whose direction at any point P is that in 
which heat is fiowing, and whose magnitude is obtained by 
taking an element Ao- of the plane through the point P 
normal to the direction of fiow, determining the number of 
calories per second fiowing through this element, dividing 
this number by the area Acr, and taking the limit of the 
quotient as points Q of A<r approach P. We assume: (1) 
that the velocity of fiow is proportional to the rate of fall of 
the temperature U at P, where the proportionality factor 
depends on the conductivity of the material; (2) that the 
body is thermally isotropic. Hence the flow vector V has 
the same direction as the gradient of U and the opposite 
sense, 


7 = -X grad U. 
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That is, we have made the assumption that the flow of heat 
is orthogonal to the isothermal surfaces. 

Consider now any simply connected closed region T in 
the body, and compare the rate of flow of heat into T 
against the rise in temperature. The rate of flow of heat 
into T in calories per unit time is given by 

where S is the closed surface bounding T. A calorie of 
heat will raise a unit mass of the body c degrees, c being the 
specific heat of the material. Hence the number of calories 
per unit time received per unit of mass is measured by 

dU 

c—> 


and the number of calories received in unit time by the 
whole mass in T is 


r 


where p is the density function for the material. Hence 


or, by means of the divergence theorem. 

Since this equation holds for an arbitrary region, we con- 
clude that 

or since 
we have 


dU 1 „ 


V = —X grad U 
dU 


= 


dt 
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where /x is a constant on the assumption that X, c, and p are 
constants. 

If a stationary state of temperature has been established, 
dU/dt == 0, and the temperature function U then satisfies 
Laplace's equation 

= 0 . 



CHAPTER IV 


Introduction to Tensor Analysis 

§20. Tensors and Invariants 

The literature relating to tensor analysis is very exten- 
sive. From the great wealth of material the following 
references are especially recommended in this connection. 
Veblen (50); Juvet (38); Eddington (31); Murnaghan (44); 
Cartan (28). 

20.1 Coordinate system and iV-dimensional space. 

Reference: Veblen (50), p. 13. 

By a space of N-dimensions we shall mean a set of objects, 
usually called points^ which is in a one-to-one reciprocal 
correspondence with the totality of ordered sets of N real 
numbers (x^, , x^) satisfying a set of inequalities 

|x« - (a = 1, 2, • • • , N) 

where the are constants and the k" are positive con- 
stants. The correspondence is called a coordinate system. 
The numbers ... y are called the coordinates of 

the point to which the set (x^, . . . , x^) corresponds in 

the coordinate system. From a notational standpoint it 
proves to be more convenient to write the coordinates with 
superscripts, as we have done, rather than with subscripts. 

20.2 Transformation of coordinates. 

References: Veblen (50), p. \Z)Goursat (34), pp. 399-407 
and Chapter II. 

A set of N equations 

t = 2/*(ajS * * • , (^ = 1, 2, • • • , AT) 

137 
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in which the y' are single-valued functions for all points 
x*, . . . , x^) in a region R of the AT-dimensional space, 
and which admit of a unique solution for the in terms of 
the y*8 

= x»(y\ y\ ‘ ' y y^)y (a = 1, 2, • • • , iV), 

which are also single- valued functions over the same region 
R will be called a transformation of coordinates. A trans- 
formation of coordinates is a device which relabels each 
point with new coordinates in an unambiguous fashion. 
Thus, if the coordinates of a point with respect to one coord- 
inate system are {x^y , x^), the numbers t/^, 

y^y • • • f y^ computed from these equations are the 
coordinates of the same point with respect to the other 
coordinate system. 

For simplicity, we shall require the admitted transforma- 
tion to be analytic in the region R under consideration. 
We also suppose the functional determinant 


dy^ dy^ 

dx^ 



dx ~ 

dy^ dy^ dy^ 

dx^ dx^ dx^' 


to be different from zero at each point of the region R, It 
can be proved that the class of transformations with these 
properties constitutes a group with respect to the operation 
of forming their resultant. 

20.3 Invariants. 

Any object which maintains its identity under the group 
of transformations is called an invariant with respect to 
the group of transformations. An example of an invariant 
is a point; its description changes, that is, its coordinates 
change under the transformation, but we can identify the 
same point after the transformation. A scalar point func- 
tion is an invariant which is specified by a single quantity in 
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a given coordinate system, say <p(x), where we write <p(x) 
for (p(x^, ... y x^). Its specification in any other 

coordinate system is given by 

7p{y) = 2/^ • ■ • , y^)y x^{y\ 2/S • • • , y^), • • • , 

2/S • • • , 2/^)1. 


20.4 Definition of a vector. 

Let a; be a coordinate system, and let y be any coordinate 
system obtainable from the a;-co6rdinate system by an 
admitted transformation. By a contravariant vector is 
meant an invariant (with respect to the admitted group of 
transformations) which has for its specification N com- 
ponents in each coordinate system . . . ,f^(x) 

and • • • > which are related thus: 




(j = 1,2, • • • ,N). 


We write this in the form 


(A) I•(y) = (»•= 1,2, • • • ,iV), 


with the understanding that the repeated index a is to be 
summed from 1 to N. In the following we shall adhere to 
this convention, which is now well standardized in tensor 
analysis. An index which is summed, as in this instance, 
is sometimes called a ‘‘dummy” index or “umbral” index. 
Such an index may be changed at will without effecting the 
result ; it is in this respect like the variable of integration in a 
definite integral. Thus 





; etc. 


In the equation (A) from a notation standpoint it is 
essential that the free index i occur on each side of the 
equation in the same relative position with respect to 
“upper” and “lower” index positions. 
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By a covariant vector is meant an invariant which has for 
its specification N components in each coordinate system 
which are related thus 

(B) r,dy)=vAxf^, (i= 1,2, ■ ■ ■ ,N). 

In practice the components of a vector are usually func- 
tions of the coordinate variables and their differentials. 
The components of a vector of either type can clearly be 
arbitrarily assigned in one coordinate system, but then 
the components of the same vector in any other admitted 
coordinate system are uniquely determined by these 
prescribed laws of transformation. 

From the differential calculus 


dy^ 



where of course a is summed from 1 to iV and where i takes 
on the set of values 1, 2, . . . , AT. (In the future all 
indices will be understood to have the range 1, 2, . . . , iV 
unless otherwise indicated.) From these equations we see 
that the differentials of the coordinates dx^y dx^, . . . , dx^ 
constitute a contravariant vector. This may be regarded as 
the “typicaT^ contravariant vector. As a memory device 
for {A)y we need only recall that the components of any 
contravariant vector transform exactly the same way as the 
differentials of the coordinates. 

Let ip{x) be a scalar point function. Then by the 
differential calculus, 

dip _ dip dx^ 
dy* dx“ dy^ 

Hence the quantities 

dip dip dip 

dx^* dx^^ * dx^ 

constitute a covariant vector. This covariant vector is 
called the gradient of the scalar field. It may be regarded 
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as the typical covariant vector, and this fact used as a 
memory device for the transformation (B). 

In case a set of N quantities constitute a vector, we shall 
always use upper indices (superscripts) in the case of a 
contravariant vector, and lower indices (subscripts) in 
the case of a covariant vector. Thus the notation dis- 
tinguishes the two types of vectors, that is, the two types of 
description (see §9.6). 


Exercises 

20.1. The relation between rectangular Cartesian and polar 
coordinates in the plane is given by 


X = r cos d 
y = r sin 6. 


Determine a region of the plane for which these equations define 
an admitted transformation of coordinates. 


20.2. If X and y are coordinates related by a transformation, 
establish the following identities: 


( 1 ) 


ay* dx*^ _ 
dx^ dy^ 


where the symbol 5}, known as the Kronecker delta, is defined by 


( 2 ) 

(3) 




1 for i = j. 
0 for i 9 ^ j. 


d^y* ax” , a^' a^x” ay^ _ ^ 
ax®ax^ dy^ ax” ay^ay* ax^ 
a^y* ^ ^ a^x” _ ^ 

ax”ax^ ay* ay^ ax” ay^ay* 


20.3. The velocity vector dx^fdt is a contravariant vector; 
however, the quantities dH^'/dt^ do not constitute a vector, and 
hence are not the components of the acceleration vector. 


20.4. If X is an affine coordinate system determine the most 
general group of transformation of coordinates under which 
d^x^fdt^ is a contravariant vector. 

20.6. If {“ is a contravariant vector and Tjp is a covariant 
vector, then is a scalar invariant This is called the ^^scalar 
product^’ of the two vectors. 
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20.6. If #> is a scalar point function, then dtp is a scalar invari- 
ant. 

20.7. With respect to the group of orthogonal transforma- 
tions with determinant +1, the expressions for grad/, div 7, and 
curl 7 of 817 are invariant. (The dimensionality W = 3 is 
implied.) 

20.8. The laws of transformation (A) and {B) may be equally 
well written in the equivalent forms 


(A') 

(B') 




20.9. If X, y are rectangular Cartesian coordinates and r, 0 
are polar coordinates in the plane, obtain the components in the 
polar coordinates of the vectors which are described in the x, 
^/-coordinates by 

(x) = x^y, (x) X - y^ 

and 

771 (t) = x^yy 772 (x) = X - 2/2. 

Obtain the particular vectors at the point x = 1, 7/ = 2. Verify 
in this instance that {^171 + {^772 is a scalar invariant. 


20.6 Tensors. 

An invariant which is specified by components in 
each coordinate system and {y) which transform 

according to 

(C) 

where t, j range independently from 1 to iV, is called a 
contravariant tensor of the second order (or rank) . 

A covariant tensor of the second order is an invariant 
whose components transform according to 

A mixed tensor of the second order with one contravariant 
index and one covariant index is an invariant whose com- 
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ponents satisfy the law of transformation 


(E) 




(y) = 


dy* dx^ 
dx^ dyi' 


Since the indices are ordered, we use the notation and 
not The reason for this distinction will be more 
apparent when we consider the operation of raising and 
lowering indices. 

The extension of the definitions to a tensor of any order 
is immediate. For example, a tensor of the fifth order 
with three contravariant indices and two covariant indices 
is an invariant whose components satisfy the law of 
transformation 


K kfn K y Qyk Qym 

A vector is a tensor of rank 1 ; a scalar may be regarded as a 
tensor of rank zero. 

In tensor analysis we have an example of a marvelous 
notation. As stated above, the indices which are not 
summed are known as free indices. The same free indices 
must appear on each side of a tensor equation in the same 
relative positions. Thus we have a constant check similar 
to the employment of dimensions'^ in certain physical 
theories. The notation is so condensed that an effort is 
required to appreciate the number of terms that may be 
involved in the description of a tensor. For instance, in 
the relativity theory iV = 4 the curvature tensor carries 
four indices and hence has = 256 components. Two 
tensors of the same type are shid to be equal if and only if 
their corresponding components are equal when the tensors 
are expressed in the same coordinate system. 


Exercises 

20.10. The equations 

lii = iii^ = taf 

' * dx^dx^ ' dy’ * dx- ^ I 

are equivalent. 


- = 

dy^ dyi ^ ’ 
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20.11. If and -rf are contravariant vectors, the quantities 
defined by f constitute a contravariant tensor of the 

second order, 

20.12. If f®, 1 ?^ and are tensors of the types indicated by 

the indices, then is a scalar invariant. 

20.13. If ipa? = <p$a for every pair of indices a, P the ten- 
sor ipafi is said to be symmetric. Show that the property of 
<pafi being symmetric is invariant with respect to the group of 
transformations. 


20.6 Introduction of a metric. 

References: Weyl (53), Chapter II; Murnaghan (44), 
Chapter III. 

Let (x) be a symmetric covariant tensor of the second 
order whose components are functions of the coordinates 
only but do not involve their differentials. Then, as we 
have seen. 


gasdx^^dx^ 

is a scalar invariant. We suppose that gap are such that 
gapdx^dx^ is a positive definite quadratic differential form. 
Let C be a curve defined by 

C: x« = x“(0. 

Then the integral along C 


s(t) = 



dx" dx^, 
'dt 


is a scalar invariant; that is,* it has a value independent of 
the particular coordinate system used. We take the value 
of this integral, by definition, as the length of arc of the curve 
C from the point specified by to to that given by t The 
differential of arc is then given by 


ds^ = Qasdx^dx^. 

The tensor ga^ is called the fundamental covariant tensor 
with respect to the metrical properties of the space, for 
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it is what determines them according to the following 
definitions: 

If is a contravariant vector, its length (or magnitude) 
is defined by 

length of ? = +V 

If and are two contravariant vectors, the angle 0 
between them is defined by 



The fundamental covariant tensor may be given 
arbitrarily, except for the conditions imposed at the 


V2 


Vi 

Fig. 84 

beginning of this section, in one coordinate system; but, 
being a tensor, it is then completely determined in any 
related coordinate system. We shall illustrate this by 
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computing the fundamental tensor for the space spherical 
coordinate system. (Fig. 34 .) 

Let 2/S 2/S be rectangular Cartesian coordinates in a 
Euclidean space of three dimensions with the fundamental 
quadratic differential form 

ds^ = (dy^Y + {dy^y + {dy^Y- 
The fundamental tensor Qt, then has the components 


Sw = Qn = ^38 = 1 ; ^12 = ^23 = Psi = 0. 

Let xS be space polar coordinates as indicated in the 
figure. The relations between the coordinate systems are 


^2/‘ = sin cos 

y^ = sin sin x^ 

2/* = x^ cos x'^ 


(X^ = + {y^Y + W 

V {y^Y + {y^Y 


)x^ = arc tan 


, 2 / 
= arc tan ~ 

3 /' 


which constitute an allowable transformation of coordinates 
in the region of space satisfying the inequalities 


x* > 0; 0 < X* < t; 0 g < 27r. 


From the law of transformation 


_ ;; Sy' dy> 
dx** dx^ 


Qaff — Qxr 


we obtain by straightforward computation 

^11 = 1 , g22 = (x 0 ^ gss = {x^ sin x^Yf 
gi2 = (728 = (781 = 0 . 

Hence the fundamental quadratic differential form in the 
space polar coordinates is 

ds^ = {dx^Y + {x^Yidx^Y + (x^ sin x'^Yidx^Y- 

20.7 Local system of base vectors. 

Through each point M of the iY-dimensional space there 
pass N parametric lines. By a parametric line is meant a 
curve along which only one coordinate varies; if is the 
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variable coordinate, the curve is called the parametric 
line.’’ At an arbitrary point Af, we set up a system of base 
vectors ei, ^ 2 , . . . , such that is tangent to the 
parametric line. Consider an infinitesimal displacement 
in the space from the point M along the parametric line. 
Such a displacement is specified by 

dx^ = 0 for 5 *^ a, dx^ 7 ^ 0. 

According to the definition of e«, the vector representing 
the displacement is a scalar multiple of e«. Let e« have a 
magnitude, or length, such that the displacement vector 
is given by 


dx^eay OL not summed. 

But the magnitude of the displacement is given from the 
fundamental quadratic differential form, which in this 
case has the value 

= gaaidx^Yf a not summed. 

Hence e« is such that = gfaa, where we use the nota- 

tion Ca * to denote the scalar product of Ca with itself. 
Then for an arbitrary infinitesimal displacement, as from 
M to ikf', we have 

dM — dx^eaj a summed 

and 

ds^ = dM • dM = {dx^Ba) * (dx^e^) 

= (e« • = Qafidx^dx^, 

Since Ca* €0 = Qap, a necessary and sufficient condition 
that the parametric lines be orthogonal at every point is that 

ga 0 = 0 for a jS. 

From our conception of a coordinate system, it follows 
that the vectors ei, € 2 ^ • • • , thus defined at each point 
M of the space are linearly independent. Hence they 
constitute a basis for vectors in the space at that point 
though not necessarily at any other point. Consider the 
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surface of a sphere as a two-dimensional space. By a vec- 
tor being in the space is meant a vector which is tangent to 
the sphere. At a given point vectors ei and €2 tangent, 
respectively, to the longitude and latitude lines through 
that point form a basis for any vector in the space at that 
point, but they will not serve as a basis for vectors in the 
space at an arbitrary point. 

The following example of an iV-dimensional geometry 
may be worth considering. Imagine a machine whose 
‘^states” are indicated by N dial readings somewhat like 
that of an airplane. The states^’ of the machine are 
called points,^’ and the ordered dial readings correspond- 
ing to a given state are called the coordinates of the point. 
The state for which each dial reading is zero is called the 
origin. We suppose it is possible to vary the machine 
in such a fashion that only one dial reading changes at a 
time while the others remain stationary. The sequence of 
states which causes only the a dial reading to change is, 
then, a one-dimensional set of points, which we call the 
oj® parametric line. We consider now the meaning in this 
interpretation of the vector e«. Suppose a slight change 
of state such that only the a dial reading changes, and let 
its change be denoted by Ax“. If now Ax" approaches zero, 
the other dials remaining stationary, there will be deter- 
mined a limiting change of state. The vector Ca is a symbol 
which stands for the change of state which would produce 
unit change in the a dial reading; that is, would cause its 
reading to increase by one, provided it changed at the same 
rate as initially. 

We consider now the behavior of the base vectors under 
a transformation of coordinates. Upon the introduction 
of a second coordinate system, there will be a new set of 
parametric lines through an arbitrary point M and a new 
set of base vectors ?i, €29 Cn at that point. Since 

at the point M the vectors ei, 62, . . . , ej\r constitute a 
basis for all vectors in the space at that point, it must be 
that the vectors e*- are expressible as linear combinations of 
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the Ca* We express an infinitesimal 
in terms of each system: 

dM = dy% = dx^Ca. 

Since, however, 


dy' = gdx-. 


displacement dM 


the above relation is equivalent to 

= e«da;«. 


But the are arbitrary y and we conclude that 

or 

(F) 

This relation is extremely instructive. First we note 
that if f ^ is any contravariant vector, then 



= eea^ = 


that is, the bilinear form f “ea is transformed into itself y by 
which we mean that the new bilinear form has precisely 
the same coefficients as the original one. Two linear 
transformations which have this property with respect to a 
bilinear form are said to be contragredienL Hence the 
coefficients (usually called components) of a contra- 
variant vector transform contragrediently to the base 
vectors this is the reason for the name contravariant 
vector. The coefficients of a co variant vector transforni in 
the same manner as do the base vectors (cogrediently). 
We note that the coejfficients of a contravariant vector are 
simply its coefficients when expressed in terms of the base 
vectors 


- dy* 


e, = e* 


dy*' 
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From (F) we also have 

. _ dx^ dx^ dx** dx^ 

Sa = ei • e,* - e« • e^— Qy, 

In agreement with (D). 

At an arbitrary point M let the reciprocal system of base 
vectors to ei, 62, * . . > be introduced. Let them be 
denoted by eS . . . , they are defined by 

e^ea = 32. 

Since the vectors Ca form a basis at M the vectors must be 
expressible in the form where the scalar coeffi- 

cients are yet to be determined. Forming the scalar 
product of each side with e\ gives 

A known solution of this system of equations is 
where 

^ _ cofactor of gafi in the determinant \ga&\ 

and since the determinant \gafi\ ^ 0, the solution is unique. 
We then have 

(G) 

It now readily follows that 

= g^^ea • = g"^8Z = g'^^. 

Thus we may interpret the quantities as the scalar 
products of the reciprocal base vectors in pairs, 

{H) e® • = g^P = gP^. 

Solving the system (G) for the e* in terms of e^, we obtain 
the unique solution 

(I) ea == ga^e^. 

Forming the scalar product of each member of (/) with 
gives 
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(J) * 6 :. 

We are now in position to ascertain how the vectors e® 
transform. We obtain this information from (/), knowing 
how the vectors and the tensor transform. The 
relation (7) holds in any coordinate system. Then 

it = 

hence 

dx“ dx^ dx^^. 

*“dy‘ ~ dj/'® ■ 

Multiply each side of this equation by dy'/dx"^ and sum 
for i. Then 


We now multiply each side of this equation by sum for 
7 , and make use of ((?) and (/). The result is 


or 


iK) 



e« 


dx« 


If now (ff is any covariant vector, 


and 





dy* dx^ 

aJ®^ 


= = {ae®. 


That is, f «e® is an invariant bilinear form and the coefficients 
of a covariant vector are seen to be simply the coefficients of 
the vector when it is expressed in terms of the reciprocal base 
vectors, e^, e*, . . . , 

From (K) we readily obtain the law of transformation of 
the quantities y®^. For 
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Hence 

(L) 




g 


dx^dx^ 


Thus the quantities constitute a contravariant tensor 
of the second order which is S3rmmetric. 

The terms “ contravariant’^ and ‘‘covariant” applied to 
a tensor in reality tell only how the tensor is described, in 
the same way that “analytic geometry” does not character- 
ize the type of geometry but merely describes the way in 
which it is being studied. (See §9.6.) 

Let the contravariant description of a vector be 
We shall now obtain the covariant description of the same 
vector. 

By means of (/), 

If now is defined by 
we have 

£«e« = 

This is what we mean by the covariant description £„ of 
the vector whose contravariant description is We 
observe that a necessary and sufficient condition that the 
contravariant and covariant descriptions of an arbitrary 
vector be the same is that 


gaft — Sfif 

which in terms of the local base vectors means that they 
form a unitary orthogonal set at every point. This is the 
situation which obtains in the case of a rectangular Car- 
tesian coordinate system. 

20.8 Algebra of tensors. 

The following operations constitute what is known as the 
algebra of tensors. The reader will be able to verify the 
statements in each case. 
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(1) If r is a tensor and ^ is a scalar, then <pT is a tensor 
of the same type. (Scalar multiplication.) 

(2) If Tx and are tensors of the same type, then 
Ti + 72 is a tensor of the same type. (Addition.) 

(3) If Tx and are any two tensors, then TxT^ is a 
tensor. (Product or multiplication.) 

(4) If is a tensor of the type indicated, then a new 
tensor with two less indices is obtained by summing a con- 
travariant index against a covariant index. For instance, 

is a tensor of the form This process is called 
contraction. 

We illustrate these processes by the following examples: 

(1) If the components of T are the com- 
ponents of <pT are . • • , 

(2) If the components of Tx and 72 are, respectively, 
and then the components of Tx + Tz are (^“^ + r;*^). 

(3) If the components of Tx and Tz are and f respec- 
tively, the components of 7i72 are 7y«/3^ where 

(4) With the same tensor as in (3), 

Thus to obtain the covariant description of a contra- 
variant vector we may form the tensor and then 
contract by setting a equal to X and summing, 

Notationally, this operation results in a lowering of the 
index. More generally, we see that if any tensor is multi- 
plied by ga^ (or g^^) and contracted with respect to one of 
the indices of ga& (or ^“^), it will result in a new tensor 
having one more covariant (contravariant) index than 
formerly. The process is called raising or lowering of 
indices by means of the fundamental tensor 

It is important to note that each of these operations 
applied to tensors yields a tensor. Since a tensor is an 
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invariant, these operations yield new invariants, which 
means that all of the results obtained in this way have a 
significance which is independent of the particular coordinate 
system employed, except of course that it must be among 
the admitted class of coordinate systems. This independ- 
ence of the coordinate system property is one which we 
require of any geometric or physical theorem. If a 
physicist obtains from a given experiment any result of 
significance it must be independent of the particular 
apparatus used and of the observer. That is, the result 
must be susceptible of verification by another observer 
using a different piece of apparatus (different coordinate 
system). Tensor analysis is the most powerful tool yet 
devised for building up the type of invariants needed in 
differential geometry and physics. 

In general, the components of a tensor change under a 
transformation of coordinates. However, if every com- 
ponent of a tensor is zero in one coordinate system, this will be 
true in every coordinate system. That is, the vanishing of a 
tensor is itself an invariant property. The importance of 
this fact cannot be overemphasized. In any geometric or 
physical theory the vanishing of a tensor describes an 
invariant situation, which may or may not turn out to be 
important, but which always merits examination. 

We have seen that transforms into itself. From the 
laws of transformation it is seen that the same is true of 
and more generally for any tensor, for example 

i“^y\eae0eyexe^ 

A tensor of the second order, such as is frequently 

called a dyad. See Gibhs-Wilson (7); Lagally (13). 

Exercises 

20.14. Let yS be rectangular Cartesian coordinates, and 
let x^, x^, X® be space polar coordinates. Let F {y) s 
be a scalar invariant. Obtain the gradient of F in each coordi- 
nate system and verify that it is a covariant vector. Verify 
that the tangent vector of the twisted cubic 
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- t,y^ = P,y> =: p 
is a contravariant vector. 

20.15* In the restricted relativity theory the interval ds 
between two near-by point events is given by 


{dsy = {dxy + (dyY + {dzy - c^diy, 


c being a fixed positive constant which is the same in all admitted 
coordinate systems. Show that ds is an invariant under the 
group of Lorentz transformations 

X = - vi),y = = S,t = 

where 

V being the parameter of the transformation, which is a real con- 
stant less than c. 

20.16. Establish the fact that the Lorentz transformations 
actually form a group. 


20.17. Let Xf y be rectangular Cartesian coordinates, and let 
r, 6 be polar coordinates in the plane. Let ei, ej be base vectors 
determined by the Cartesian coordinates and let ei, €2 be those 
determined by the polar coordinates. 

(1) Obtain ei and €2 in terms of ei, ^2, and conversely. 

(2) Draw to scale the vectors ei, e2; ei, 62; e^; eb at 

points M and Ny whose Cartesian coordinates are (1, 2) and 
(3, 4) respectively. 

(3) If a and b are unit vectors having the directions of ii and 
62, respectively, show that the velocity vector of a moving par- 
ticle is given by 


dt 


a + 


dd. 


and that the acceleration vector is given by 




20.18. Under the assumption that is positive definite, 

prove the Cauchy-Schwarz inequality 
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6nd hence that the angle between two vectors as above defined is 
real; not complex. 

20.19. If a tensor of the second order is such that 

it is said to be aUemating (or skew-symmetric). Show that the 
proi)erty of a tensor being alternating is an invariant property 
with respect to the group of transformations. 

20.20. If {“ and 17^ are vectors, the alternating tensor 

may be regarded as a generalization of the vector cross product 
of the two vectors; it is frequently called a hivector. Establish 
the following: 

(1) A bivector has at most N{N l)/2 distinct non-zero 
components. 

(2) Only in the case JV = 3 can the coefficients of a bivector 
be taken as the coefficients of a vector in the same space. In 
such a case the bivector is called the vector cross 'product of the 
two given vectors. 

(3) The coefficients of a bivector may be interpreted as the 
areas obtained by parallel projections of the two-dimensional 
parallelepiped (parallelogram) whose sides are the given vectors 
upon the coordinate planes. (This refers, of course, to the local 
affiine coordinate system determined by the point at which the 
vectors are taken, and the base vectors at that point). 

(4) The coefficients are the determinants formed from the 
a and jS columns of the matrix 



(5) A necessary and sufficient condition that two vectors of 
the same type be linearly dependent is that their alternating 
product vanish. 

20.21. Let 

y* = a:*, • • • , x^), (f = 1, 2, • • • , AT) 

be a transformation with functional determinant denoted by 

\dy\ 
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(1) If one transformation is followed by another, the re- 
sultant of the two is a transformation whose functional deter- 
minant is the product of the functional determinants of the two 
transformations . 

(2) If a transformation is followed by its inverse, the product 
of the functional determinants is equal to 1 ; that is, 



dx 

dx 

dy 


(3) From (2), or otherwise, deduce that 


cofactor of in 



1 

dx 






dx 




(4) If g is the determinant show that J^g = where J is 
the functional determinant 


J = 


dx 


§21. Covariant Differentiation 

We now consider briefly the differential calculus of 
tensors. Since we no longer necessarily have a system of 
constant base vectors at our disposal, the process of differen- 
tiation becomes somewhat more involved than that of 
merely differentiating the coefficients of a vector. 

21.1 Covariant differentiation. 

Let be a contravariant vector field whose components 
are at most functions of the coordinates . . . , 

We write 


? = 

where €„ form the local system of base vectors at the point 
M under consideration. Corresponding to a displacement 
specified by dx^, . . . , dx^, we raise the question 
as to what we shall mean by 'differential 5,'^ which we 
denote by the symbol d?. We recognize that, correspond- 
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ing to the differential changes in the coordinates, there will 
be a change in the vector arising from two sources: (1) the 
coefficients of the vector will change, since they are functions 
of the coordinates, and (2) the base vectors in terms of 
which the given vector is expressed will also change. Let 
denote the change in the vector corresponding to 
the changes Ax^, Aa:®, . . . , Ax^ in the coordinates. We 
have 


= (f« + Af“)(e« + Ae„) - {“e. 

= (A{«)e« + {“(Ae«) + (A£«)(Ae„). 

If we indicate the principal parts of the infinitesimals by 
the usual notation, and note that the last term on the 
right is a product of infinitesimals in which the other terms 
are linear, we have 

Since the individual are scalar functions of the coordi- 
nates, we know from the calculus the meaning of 
namely. 


Also we observe that we shall have a meaning for as soon 
as we assign a meaning to dCa- Concerning dca, we make 
the following assumptions: 

(1) de« is a vector representable in the local base system. 

(2) dCa depends linearly upon dx^, . . . , dx^. 

Hence we write 


de« = T\pdxPex, 

where the are functions of the coordinates. Then 
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or 

(A) 

From 

we have 




as^exda^. 


e, = e. 


dx^ 

dy' 




In the ^/-coordinate system let 


Then 


de, = V\ekdyK 


= ri,cx|^dx» + ea^^/y. 


d^x“ 


or 


r?fc 'nX 1 J 

r««x^y’ = r./,Cx^ ^dy + 


Since the vectors ex are linearly independent, and since 
we suppose this relation to hold for dy'" arbitrary, it follows 
that the quantities F* (y) and Fi^ (x) are related thus: 


(B) 


yk _ TiX I 


It will be observed that the quantities Tap do not form a 
tensor. However, if they are given in one coordinate 
system these equations specify the corresponding quantities 
in any other coordinate system and hence they define an 
invariant. The equations (B) are known as the Christoffel 
transformation equations. 

Perhaps the most important choice of the functions 
Tap is one in which these quantities are related to the funda- 
mental covariant tensor Qap in a way which we now indicate. 
From 


. dx“ dxy 



160 INTRODUCTION TO TENSOR ANALYSIS (Ch. IV, §21 


we have 

dx^ dy* dtf dy^ 

We write two similar equations obtained from this one by 
a cyclic permutation on the indices. We then form the 
combination 


1 / ^ ^ 

2\d2/^ dy^ dy^/ 

which we denote by rfc,tj. Indicating the same combina- 
tion of the partial derivatives of the ga$ with respect to 
the a:’s by Ty,apy it results that 

^ dx’^ dx^ dx^ , ^ d^x** dxP 

where in the reduction we have made use of the symmetry 
of Qafi and the fact that 


, 0^C 

dy^dy^ dy^dy' 


The quantities Ty,ap are known as the Christoffel symbols of 
the first kind formed from the g„/j. The Christoffel symbols 
of the second kind denoted by T\fi are defined by 


Since 


TK0 = gy^Ty,ap. 


gkl — gp\ 


dy^ dy^ 
dx^ dx^ 


we have from the above equation 


f ^ = r ^^^dy^ d^dxf^ 

*J y,a0 Q^p ga^g Q^p Qy^'Qyi Qy^ 

-p I ^ a\^H d^X** 


dx** dx^ dy^ dy* dy^ 

^ ^ a 

^ dx^ dy'’ dyJ ^ dx^ dy'dy^ 

by^ ax° bx^ , a V by^ 
ax^ a^/* by^ by'by^ ax^^ 


pit _ T^\ I 

"dy* dy> dy'dtf’ 


or finally, 
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Hence the Christoffel symbols of the second IfinH formed 
from the fundamental tensor g„f, satisfy the equations (B). 
In the sequel we shall understand that this choice of the 
quantities has been made, that is, that the are 
the Christoffel symbols of the second kind formed from 
the fundamental tensor 

Let a contravariant vector field ^ be expressed in each 
of two coordinate systems 

?=!’«. = f“c.. 

Then 

= (0 + 

or 

(0 + = (0 + 


Since the ex are linearly independent and the dx^ are 
arbitrary, it follows that 




dx^ bip 
dy* dx^ 


^ tapx 



Hence the quantities 


dx^ 


+ 


constitute a mixed tensor of the second order, which is 
called the covariant derivative of We shall use the 
notation D^^/dx^ to stand for this operation; that is. 






dx^ dx» 


We have seen that if is a contravariant vector, then 
is likewise where ^ is a scalar function. Consider then 

Dif^ 
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where is defined by 


dsfi 






- ^ + - S'* + »§ + <»«’"- 

.i£»+,oe. 

dvr ^ *d3p 


If now we define Dtpjdx^y where ^ is a scalar function, to 
mean the ordinary partial derivative dtpldx^^ we have 

Also it is evident that 

^ ^ dx^ dx^ dx» ‘ 

The reciprocal vectors satisfy the equations 

Ca • = Si^a 

identically in x\ , x^. Let Ax^, Ax^y • • • , be 

infinitesimals, and consider 

A(e«-e^) = A(5\) =0, 

since = constant. 

ByA( e„ • e^) we mean 

A (e« • e^) = (Ca + ACa) * (e^ + ^e^) - Ca • 

Hence, neglecting infinitesimals of higher order, 

(dea) • + e« • (cfe^) = 0. 

If we suppose for the moment that 

de^ = H\pe*^dx^y 

where the H^aa are functions of the coordinates, we have 

* e^dx^ + e« • H^u^e^dx^ = 0, 


or 


V\0dx^ + m^x^ = 0 . 
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Since the dx^ are arbitrary, it follows that 


= -rv 

We are now in position to differentiate any tensor. 
Consider, then. 


d ({’‘pCx*'*) = (d{\)cxc'‘ + i\(de\)e^ + 

= 

One can show, as in the case of a contravariant vector 
above, that the quantities in the brackets [ ] constitute a 
tensor with one contravariant index and two covariant 
indices. We write 


Dii\) ^ ^ 

dx^ dx^ 






which is called the covariant derivative of the tensor. Thus 
from a given tensor there can be constructed additional 
tensors by the process of diifferentiation. Having arrived 
at the process, we can forget about the base vectors and 
deal directly with the coefficients of the tensor in forming 
its covariant derivative. 

The following exercises contain some significant results in 
this connection. 


Exercises 


21.1. The Christoff el symbols have the following symmetry 
properties : 


rX;o/J — rX;^a> and 


21.2. Show that 


T* 

1 7;a(* 1“ 1 a fiy — • 

By means of this, or otherwise, prove the important result: A 
necessary and sufficient condition that the Christoffel symbols 
vanish identically is that the ga$ be constants. 
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21.3. Any coordinate system in which the ga$ are constants is 
called an affine coordinate system. Show that in an affine 
coordinate system co variant differentiation reduces to ^‘ordi- 
nary’' differentiation. 

21.4. Establish the fundamental result ~ 0- This 

means that in the differentiation process the ga$ behave as 
constants. 

21.6. (1) If == {** 17 / 5 , show that 


dx^ 


This result together with (1) and (2), developed above, shows 
that the usual rules for differentiating a sum and a product hold 
in the case of covariant differentiation. 

(2) If ^ is a scalar function expressed as a contraction of ten- 
sors, its covariant derivative is the same as its ordinary derivative. 
Prove this theorem, supposing <f> to be given by 

<f> = 

21.2 Geodesics. 

We now consider an important class of curves, known as 
geodesics, which play a role analogous to that of the straight 
lines in Euclidean geometry. We take the “shortest- 
distance property” as the defining property of these curves. 

Let C be a curve in the space which joins two fixed points 
A and B, Let the equations of the curve be 

x^ = x^{t), (a = 1, 2, • • • , JV) 

and let A correspond to f and B to f = ^ 2 . The arc 
length of the curve from A to B is then given by 

Vglp^dt, 

where the dots denote ordinary derivatives with respect to 
t; that is, 
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Wb now embed the curve C in a one-parameter family 
of comparison curves each of which passes through the 
fixed points A and B, Letting the coordinates of a point 
on a curve of the family be denoted by (z\ , z^), 

we may take 

where <p“(£) satisfy suitable continuity properties and are 
such that 


= <p-(i2) = 0 , 


but which are otherwise arbitrary ^ and where e is a parameter 
(variable) independent of L We observe that the curve C 
is a member of the family given by e = 0. For conven- 
ience, denote the integrand by F{Zy z). The arc 

length from A to 5 of a curve of the family naturally 
depends upon the particular curve selected; that is, the 
arc length is a function of e. We write 

j(e) = £f{z, z)dt = i" + e^)dt. 

Suppose the curve C has the shortest arc length among 
the class of curves considered. This means that e = 0 
furnishes a minimum to the function J (e). By the differ- 
ential calculus, a necessary condition for this is 


dJ(e) 

de 


1 


= 0 . 
-0 


Imposing this condition we have 


0 = 



where now, since € has been set equal to zero, the arguments 
of F are x and x belonging to the curve C. Upon integrating 
the second term “by parts,'’ one obtains 


0 = 



id 

dt 


;)dt. 
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But by hypothesis the vanish at the end points, and 
hence 


Jd dF dF\,. _ . 

Jt, dx“/ 


Clearly a sufficient condition for this is that the curve C 
satisfies the system of differential equations 


iO 


dt 


dF 

dx‘‘ 


= 0, (a = 1, 2, 




On account of the arbitrariness of the functions <p% it can 
be shown to be also a necessary condition. 

Any curve satisfying the system of differential equations 
(C) is called a geodesic. We have just seen that any curve 
having the ^^shortest-distance’’ property must satisfy these 
equations. However, it must not be concluded that the 
converse is necessarily true, just as it is not true that every 
point on a curve y — f{x) at which the slope is zero is 
necessarily a maximum or minimum point. 

Performing the indicated differentiation in (C), one 
obtains 




d 

2 dt 




dx^ 






= 0 . 


Let now the parameter t be selected as arc length s along the 
curve. Then 


dx* dx^ 


1 , 


^and the above equations reduce to 


or 


d / dxA , dgap dx® dx^ ^ 

dV , — 1 dx® dx^ 

ds^ dx® ds ds ^ dx^ ds da 


0 , 
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or 


d^xl> 


+ Tx;* 


or finally 


(D) 


d^ d^ 

ds^ “«ds ds 


= 0, (X = 1, 2, • • • , N). 


These are, then, the equations which must be satisfied by 
every geodesic when referred to its arc length as parameter. 


Exercises 

21.6. The left members of equations (D) can be written in 


the form — — — and hence constitute a contravariant vector, 
ds 


21.7e In an affine coordinate system a geodesic referred to its 
arc length satisfies the system of differential equations 

^ - 0 
ds^ 

and hence the coordinates of a point on the geodesic are linear 
functions of s. 

21.3 Equations of parallelism. 

Let C be a curve 


it) 

and let f be a contravariant vector field defined at points of 
C. Consider the system of linear, homogeneous, differen- 
tial equations 

(E) ^ = 0, (X = 1, 2, • • • JV). 


which may be written in the form 

/\ /> in 
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Existence theorems tell us that there exist N linearly 
independent vectors . . . , satisfying these 

equations and being such that any solution is expressible 
as a linear combination of them with constant coeflGicients. 

Let and rj^ be any two solutions of the system (E). 
We now show that = constant along the cm*ve. 

This is equivalent to 

= 0. 

Since is a scalar, by Exercises 21.6, part (2), and 

21.4, we have 

Therefore = constant along the curve. Similarly 

= constant, and hence the angle 0 between the 
vectors ^ and n remains constant. Thus any two vectors 
satisfying the equations (E) have the properties that their 
lengths remain constant, and the angle $ remains constant 
along the curve, 6 being the angle between the vectors. 
For these reasons the equations (E) are said to define a 
parallel displacement of a contravariant vector along the 
curve. 


Exercises 

21.8. If C is a curve referred to its arc length as parameter, a 
necessary and sufficient condition that its unit tangent vector 
remain parallel to itself along the curve is that C be a geodesic. 
Thus in a sense the * ‘straightness^’ property of straight lines is 
carried over to geodesics. 

21.9. When referred to an affine coordinate system, a neces- 
sary and sufficient condition that be a parallel vector field 
along an arbitrary curve is that be a constant vector field; 
that is, that the coefficients be constants. 

21.10. In the case of an affine coordinate system, the local 
base vectors e* satisfy the equations of parallelism along an 
arbitrary path. This means that the local system of base vectors 
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at a point il/' may be regarded as the system e* at an arbitrary 
point M which has undergone a parallel displacement to the 
point Af'. 


21.4 Curved spaces. 


If it is possible to introduce into the geometry, deter- 
mined by a coordinate system x and a fundamental quad- 
ratic differential form Qa^dx^dx^, an affine coordinate system 
the space is said to be flat and the geometry is called 
Euclidean, If this is impossible, the space is said to be 
curved and the geometry is said to be Riemannian, 

First we remark that, if an affine coordinate system 
exists, then there exists a rectangular Cartesian coordinate 
system, for all we need to do to bring this about is to norm 
and orthogonalize the constant base vectors. 

From the definition of an affine coordinate system, the 
results of Exercise 21.2 and the Christoffel transformations, 
a necessary and sufficient condition that it be possible to 
introduce an affine coordinate system by means of a trans- 
formation of coordinates is that the system of differential 
equations 


dy^ dy^ , 

dx^dxf a*’' 


1 for i = j 
0 for i 5 ^ j 


shall possess a solution 

yi = y^{x\ • • • , (l = 1, 2, • • • , N), 

This problem is too complicated for us profitably to 
undertake here (cf. Veblen (50), Chapter V). It is shown, 
however, that a necessary and sufficient condition that the 
system of equations possess a solution is that the curvature 
tensor 

Rx __ ^ 

D a$y — ^ A a/9* py * «7* P/9 

vanish identically. According to this result we can tell in 
any given instance whether or not there exists a transforma- 
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tion leading to a Cartesian coordinate system. Moreover, 
the application of the test involves only ordinary partial 
differentiation combined with simple algebraic processes 
which can always be carried out. 

Exercises 

21.11. The fundamental form for Euclidean geometry referred 
to plane polar coordinates is 

ds^ = {dx^y + ix^y{dx^)\ 

Verify that the curvature tensor vanishes identically and, hence, 
that a rectangular Cartesian coordinate system can be introduced. 

21.12. The linear element on the sphere of radius 1 referred 
to co-latitude x^ and longitude x^ was found to be 

= {dx^y + sin® x^ (dx®)®. 

Verify that the curvature tensor in this case does not vanish and, 
hence, that there does not exist a Cartesian coordinate system on 
the sphere. 

21.13. If ^ is a scalar function, verify that 

Z)®v? __ D^(p 
dx"dx^ ~ dx^dx“ 

However, if is an arbitrary vector, a necessary and sufficient 
condition that 


dx*^dx^ dx^dx^ 

is that the curvature tensor vanish. 

21.6 Divergence, curl, Laplacian. 

We have seen that if (p (x) is any scalar invariant func- 
tion, bipjbx^ is a covariant vector which is called the (tensor) 
gradient of <p{x). We now consider the forms which the 
divergence, curl, and Laplacian assume in a general 
coordinate system. 

Let be a contravariant vector field. Then 
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is a scalar invariant which is known as the divergence of the 
vector field. We shall prove directly that the given 
expression is actually a scalar invariant. Consider then 




l^J 

2g dy'‘ 


dy' 


Id,. , ai* 

From Exercise 20.21, log g = log g — 2 log J, where J is 
the functional determinant 



Hence 




2dx“ 

i_a_ 

2dx‘" 


[logff-21ogJ]f‘|p + |; 


(log + 


{- 


a(iog_J) 

dx” 


+ 


dY 

dx‘‘dx^dy'j^ ' 


One can show that the quantity in the braces { } vanishes. 

From the rule for differentiating a determinant we have 


±.?y 

dx“dx 


dxfidxf‘ " 


where is the cofactor of 
But by Exercise 20.21 


dy' . 
dx^ 


m 


Hence 




dx^ dy 
dy' dx 



dx‘‘ 



dx^ 


(log J) 


ay dx^ 

dx^dx“dy'’ 
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and therefore 


1 d 


(VsB = 




which is the result we wished to establish. 

Let be a covariant vector field. From the law of 
transformation 




we obtain by ordinary differentiation 

dy^‘ dx^ dy* dy^‘ ^"^dy^dy^ 
Hence, when we use 


it follows that 


^ a^x® 
dy^dy^’ ”■ dy^dy^ 


\dyf dyy \dx^ dx“/dy' dy^ 

Therefore 


t = ?l5 - ^ 

~ dx^ ax® 

constitute an alternating covariant tensor of rank two. 
This tensor is a generalization of the curl of a vector field in 
a three-dimensional space. 

In the case of three dimensions, an alternating covariant 
tensor of the second order possesses at most three distinct 
non-zero coefficients. Given, then, any alternating covari- 
ant tensor of the second order f«/j, there is determined by 
the invariant form $«^e®e^ a unique contravariant vector 

X e2) + {28 (e2 X e^) + faiCe® X 

which we write in the form 


^^®[eie2e8] ^^*[ei«2^8] ^*^1^2^81 
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We have seen (Exercise 9.7) that [eiCjej] = yfg, where g 
denotes the determinant and hence we may write the 
above vector in the form 


in 

-V~g 


ei 



€2 + 


il2 

-Vg 


«8, 


where we have used the negative square root of g in order 
to give the sign customarily used in the curl. Now then 
if is any covariant vector field, its curl is the contravariant 
vector 



Exercises 

21.14. Obtain the expression for the divergence of a contra- 
variant vector field in terms of space polar coordinates. 

21.15. Show that if is a covariant vector field, then 


1 

\/g dx® 




is a scalar invariant. It is called the divergence of the covariant 
vector field. 

21.16. If in the preceding exercise the covariant vector f /9 is the 

gradient of a scalar field — that is, if — ^its divergence 

is known as the Laplacian of We write for the Laplacian 
of ip. Obtain in space polar coordinates. 

21.17. If G denotes the determinant show that G = l/g, 
and hence, or otherwise, that [e^e^e^ = y/G. (The dimension- 
ality N = 3 is implied by the notation.) 

21.18. If {a is the gradient of a scalar field, its curl vanishes 
identically. 
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A 

Acceleration: 

centripetal, 88 (Ex. 13.11) 
of Coriolis, 88 (Ex. 13.11) 
of particle, 78 
tangential, 78 
Angle: 

between parametric curves on a 
surface, 90 

between two vectors, 27, 145 
solid, 110 

Arc length of curve, 71 
Area: 

element for a surface, 91 

of a plane region, 127 (Ex. 18.13) 

B 

Basis of vector space, 16 
h h ^ system, 31 
local system of, 146 
Binormal of curve, 75 
Bivector (Ex. 20.20), 156 

C 

Cauchy-Schwarz inequality, 29, 155 
(Ex. 20.18) 

Christoff el: 

symbols of first kind, 160 
symbols of second kind, 160 
transformation equations, 159 
Circulation of a vector field, 110 
(Ex. 16.8) 

Contraction of tensors, 153 
Coordinate system: 
afiine: 

in plane, 2 

in 7i-space, 18, 164 (Ex. 21.3) 
in three-space, 3 
on a line, 1 
axiom, 1 
moving, 80 
in an iV-space, 137 


Coordinate system {coni .) : 
on a surface, 89 
rectangular Cartesian, 32 

Coriolis, acceleration of, 88 (Ex. 
13.11) 

Correspondence: 
one-to-one reciprocal, 2 
pointwise, 36 

Couple, 54 

Co variant differentiation, 157-163 

(§ 21 ) 

Curl of a vector field, 112, 120 
(Ex. 17.15), 172 

Curvature of curve, 73 

Curve, 66 
arc length of, 71 
binormal of, 75 
curvature of, 73 
curvature vector, 74 
Frenct formulas for, 75 
integral along, 101 
involute of, 87 (Ex. 13.5) 
normal to, 75 
binormal, 75 
principal, 75 
oriented, 67 
osculating plane of, 66 
parallel, 87 (Ex. 13.6) 
spherical indicatrix of tangents, 74 
tangent to, 67 
tangent vector, 68 
torsion of, 75 
vector equation of, 66 

D 

Differentiation: 
of a tensor, 157-164 (§21) 
of a vector, 65, 157-164 

Dimensionality of space, 15, 19, 137 
axiom of, 16 

Distance between two points, 30 
(Ex. 6.10) 

Divergence of vector field, 112, 170 
physical interpretation of, 131 
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Divergence theorem, 122 
Dyad, 154 

F 

Field: 
scalar, 93 

continuity of, 94 
directional derivative of, 95 
gradient of, 96, 112, 140 
theorem of, 121 
level surface of, 94 
vector, 94 

circulation along a curve, 110 
(Ex. 16.8) 
conservative, 129 
contravariant, 139 
CO variant, 140 

covariant derivative of, 157- 
164 (§21) 

curl of, 112, 120 (Ex. 17.15), 172 
directional derivative of, 116 
divergence of, 112, 170 
physical interpretation of, 
131 

theorem of, 122 

flux across a surface, 110 
(Ex. 16.8) 

Newtonian gravitational, 129 
potential function for, 130 
potential function for, 129 
Flux of a vector field, 110 (Ex. 16.8) 
Frenet formulas, 75 
Fundamental form: 

for a Riemannian iV-space, 144 
for a surface, 90 

G 

Gauss’s theorem on solid angle. 111 
(Ex. 16.11) 

Geodesics, 164-167 (§21.2) 
on a surface, 92 (Ex. 14.1) 
Geometry: 

Euclidean, 28, 169 
Riemannian, 169 

Gradient of a scalar field, 96, 112, 
121, 140 

Green's theorem, 123 
Group, 8 

theorems concerning, 9 (Ex. 1.6) 
transformations form : 
affine, 38 (Ex. 7.3) 


Group, transformations form {cant.): 
analytic, 138 
Lorentz, 155 (Ex. 20.16) 
orthogonal, with determinant 
-f 1, 38 (Ex. 7.4) 
rotations in the plane, 9 (Ex. 
1.4) 

translations form, 9 (Ex. 1.3) 
vectors, with respect to addition, 
form, 14 (Ex. 3.1) 

H 

Heat, on flow of, 134 

I 

t, i, k system of vectors, 31 
Integral: 
definite, 100 

fundamental theorem, 101 
line, 101 

independent of path, 128-131 
surface, 105 
volume, 108 

Invariant, 4, 35, 138, 144, 154, 155 
(Ex. 20.15) 

Involute of a curve, 87 (Ex. 13.5) 

K 

Kronecker delta, 141 (Ex. 20.2) 

L 

Lagrange identity, 49 
Laplace's equation, 116 
Laplacian operator, 116, 173 (Ex. 
21.16) 

Length of a vector, 15, 27, 145 
Limit of variable vector, 64 
Linear dependence of vectors, 15 

M 

Metric of point space, 26, 144 
Motion: 

finite rotation about a line not a 
vector, 59 
of a particle, 78 
speed of, 78 
of a rigid body, 55 
angular speed of rotation, 79 
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Motion: of a rigid body (coni.): 
axis of rotation, 79 
central axis, 57 
translation, 4 

N 

Newtonian field, 130 
Normal to curve, 75 

O 

Operator: 

differential, 111-120 (§17) 
curl, 112 
del, 115 
divergence, 112 
gradient. 111 
Laplacian, 116 
linear, 44 
Oriented curve, 67 
Oriented plane, 41 

P 

Parallelism, equations of, 167-168 
(§21.3) 

Parallelogram law, 12 
Plane areas: 
orientation of, 41 
vector representation of, 39 
Potential function, 129 
Product: 

box (see scalar triple below) 
dot (see scalar below) 
of quaternions, 60 (Ex. 10.1) 
scalar, 29, 30 (Ex. 6.5) 
scalar triple, 45 
of tensors, 153 
vector cross, 40 
vector triple, 47 

Q 

Quaternions, 60 (Ex. 10.1) 

R 

Reciprocal systems of vectors, 49, 
150 
Region: 
connected, 39 
simply, 39 
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Riemannian N-space, fundamental 
form for, 144 
Rotation: 

angular speed of, 79 
axis of, 79 

finite, about a line not a vector, 59 
Rotational, theorem of, 122 

S 

Scalar, 10 

field (see Field, Scalar) 

Space: 

linear vector, 15 
basis of, 16 
dimensionality of, 15 
of points, 15, 137 
curved, 169 

dimensionality of, 15, 137 
flat, 169 

Stokes's theorem, 126 
Surface: 

connected, 39, 105 
simply, 39 

coordinate equation of, 91 
coordinate system on, 89 
element of area, 91 
vector element of, 105 
first fundamental form, 90 
integral over, 105 
level, for scalar field, 94 
normal to, 90 
oriented, 105 
parametric net on, 89 

angle between parametric 
curves, 90 
two-sided, 105 

T 

Tensors, 137-157 (§20) 
algebra of, 152-154 
alternating, 156 (Ex. 20.19) 
contraction of, 153 
contra variant, 142 
covariant, 142 
curvature, for a space, 169 
differentiation of, 157-164 (§21) 
fundamental covariant, 144 
mixed, 142 

raising and lowering indices of, 153 
skew-symmetric (see alternating 
above) 
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Tensors (coni.)* 
symmetric, 144 (Ex. 20.13) 
Torsion of curve, 75 
Translations, 4 
equations of, 6 
form a group, 9 (Ex. 1.3) 
graphical representation of, 5 
Transformations : 
affine, 35 

of coordinates, 137 
congruent, 36 

invariant, with respect to, 35, 
138 
linear, 33 

Lorentz, 155 (Ex. 20.15) 
form a group, 155 (Ex. 20.16) 
orthogonal, 36 

V 

Vector, 10 

acceleration, of a particle, 78 
addition and scalar multiplication, 
laws of, 13-14 
addition of, 11 
algebra of, 53 
angle between two, 28, 145 
reality of angle, 28, 155 (Ex. 
20.18) 

angular momentum, 80 (Ex. 13.3) 
angular velocity, 58, 84 


Vector (conf.): 
base, 16 
local base, 146 

centripetal acceleration, 88 (Ex. 
13.11) 

contravariant, 61, 139 
covariant, 51, 140 
cross product of, 40 
differentiation of, 65 
covariant, 157-164 
field (see Field, vector) 
graphical representation of, 11 
length of, 15, 27, 145 
limit of variable, 64 
linear dependence of, 15 
linear momentum, 80 (Ex. 13.3) 
linear space of, 15 
linear velocity, 78 
moment of, 54 

plane area represented by, 39 
reciprocal systems, 49, 150 
scalar multiplication of, 12 
scalar product of, 29, 30 (Ex. 6.5) 
space, basis of {see Basis of vector 
space) 

zero, 12, 20 (Ex. 4.4), 29 (Ex. 
6.1, 6.4) 

Velocity of a particle, 78 
angular velocity vector, 79, 84 
linear velocity vector, 78 




